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PREFACE 
Historical data on world energy consumption, when plotted versus 
time as fractional shares of different primary energy sources, follow a very 
regular pattern. This observation has been made by C. Marchetti [2]  who 
also brought to the IIASA Energy Systems Program the idea of considering 
different primary energies as commodities competing for the energy market. 
This approach has been extensively applied in IIASA studies using empirical 
models and ad hoc rules which appeared to fit the past history of the substi- 
tution process. As market behavior seems to be one of the important 
constraints for introduction and development of large-scale energy systems, 
the lack of deeper-rooted understanding has been increasingly felt. The 
present report is an attempt to overcome this lack and to  elaborate a 
mathematical model based on well-understood assumptions. 
Market penetration by new technologies is a very complex interplay 
between producers and consumers. The theory presented emphasizes the 
macroeconomic view on the producer side. In spite of this simplification 
it seems that the resulting models well reflect the most important relations 
governing the dynamics of market penetration for any number of competi- 
tors (not necessarily in energy). This is indicated by the fit of the models 
with known historical data and by the fact that the theory presented 
explains existing empirical models as special cases or reasonable approxi- 
mations. 
The elaborated algorithms and computer subroutines make the theory 
directly applicable and also make it possible to incorporate the model of 
market penetration into more complex models. 
The model cannot forecast the birth of a new technology. A new- 
comer has t o  be introduced into the model exogenously using its economic 
assessment, as demonstrated by the example of nuclear energy. 
I t  is believed that the rcport can also be used as a case study on 
probabilistic modeling, identification, and forecasting of uncertain processes 
(nonlinear, multivariate and nonstationary). With this methodological 
aspect in mind the part on application of probability theory is written in a 
somewhat tutorial way, presenting the underlying philosophy and careful 
discussion of assumptions. 
This work is the IIASA-funded contribution to  a project supported 
by the Foundation Volkswagenwerk, FRG. 

SUMMARY 
The report deals with mathematical modeling of technological 
substitution processes. Its main objectives are: on  the basis of plain and 
well-understood assumptions, t o  derive mathematical models of  market 
penetration for any number of competing technologies, t o  explain existing 
empirical models and rules, to develop computational tools for analysis 
and forecasting of technological substitutions, and to  apply the models 
to  the substitution of primary energy sources in world energy consump- 
tion. 
The approach adopted is based on the long-term balance of capital 
flows governing production using one of several competing technologies. 
The main assumption made is that a viable technology, when established, 
has to  live and grow on  its own account, i.e. that the mean value of the 
external capital flow is equal to  zero. In this way a set of differential equa- 
tions is obtained by which the multivariate competition is governed. Using 
market shares instead of the absolute production of particular technologies 
makes it ~oss ib le  to eliminate the market  rice and decom~oses  the 
description and forecasting of the substitution process into the evolution 
of market shares and the ~ r o w t h  of the total ~ roduc t ion  of the eiven 
0 u 
commodity. This is, perhaps, the main trick in the development of the 
model. Only the dynamics of market shares is followed in detail. 
The dynamics of market shares depends on  differences in production 
costs, on  specific investments, and on  the total growth rate factor. The 
analysis shows that in the case of n competitors the number of model param- 
eters can be reduced to 2(n - 1) and in most cases even to n - 1. I t  is also 
shown that the fluctuations of model parameters over time are smoothed 
so that only their mean values are significant. This explains the high 
regularity in the behavior of market shares observed in the past. 
Both deterministic and stochastic models for the substitution process 
are developed. The stochastic version is exploited in derivation of optimal 
procedures for extraction of information about the model parameters from 
known historical data and in quantitative description of the uncertainty of 
forecasting. 
To  facilitate practical application, the main theoretical results are 
condensed into algorithms and computer subroutines and their use is 
demonstrated on  practical examples. The forecast of market penetration 
by nuclear energy is an example of how a new technology can be incor- 




2. Fisher-Pry Empirical Model 
3. Basic Equation 
4. Multivariate Competition 
5 .  Competition Under Different Specific Investments 
6. Probabilistic Model and Estimation of Parameters 
from Historical Data 
6.1 Probabilistic Model 
6.2 Maximum Likelihood Estimates 
7. Forecasting 
7.1 Parameter Y ector a Known 
7.2 Parameter Vector a Unknown 
8. Concluding Remarks 
Appendices: 
A. Mathematical Theorems and Proofs 
B. An Optimization Method 
C. FORTRAN Subroutines 
References 

Macrodynamics of Technological Change: 
Market Penetration by New Technologies 
1. INTRODUCTION 
P 
Abstract mathematical models appear to be powerful tools 
in forecasting the future. It seems that there are two main 
reasons for their growing popularity and for growing endeavor to 
build mathematical models for more and more complex processes. 
First, mathematical modeling makes it possible to decompose 
human reasoning into simpler steps and to express it in quantita- 
tive terms. In this way mathematical models help the forecaster 
to be objective and to avoid unintentional bias due to his natu- 
ral efforts to make the future what he wants it to be. 
Second, once a model is found and verified it gives a better 
insight into and a better understanding of the process studied, 
and, what perhaps is most important, also shows how the future 
6evelopment of the process can be influenced and controlled. 
However, any mathematical model and any mathematical theory 
can be only a simplified image of the objective reality or of the 
laws by which the reality is governed. A very detailed and 
thorough model may even be undesirable if it is too complicated 
and difficult to apply. A good mathematical model should have 
the following properties. 
- It should reflect the relations that are most important 
for the purpose for which the model is built. The 
difficulty is that usually it is not a priori clear which 
relations are important and which can be neglected. 
Therefore the development of a model is, as a rule, an 
iterative and learning procedure. 
- It should be as simple as possible. By simplicity is 
meant here, first of all, the low number of parameters 
that have to be determined. Mathematics supplies the 
model builder with an immense number of possibilities 
for describing a particular relation. However, only 
a correct choice of the structure of the model makes 
it possible to reduce the number of parameters by which 
all possible cases can be characterized and to minimize 
the number of exogenous quantities and variables. The 
choice of the model structure is perhaps the most crit- 
ical step in model building. 
- It should be based on assumptions that are well under- 
stood. As any model can be only an approximate descrip- 
tion of the complex reality, it is true that assumptions 
are made to be violated. However, the simpler and 
clearer the assumptions are, the better the judgment 
that can be made about the reliability of the answers 
the model can give to our questions. 
In general it may be very difficult to meet all the require- 
ments formulated above and there is no unique way how to proceed 
optimally (if any optimum exists at all). Model building is and 
always will remain an art and a game: an art in how to combine 
mathematics, intuition, sound reasoning, and experience (one's 
own and of predecessors); a game between the human intellect and 
nature based on the rule of trial and error. This is what makes 
the mathematical modeling of the real world so attractive and 
excitinc;. 
This paper deals with mathematical modeling of the dynamics 
of interaction between society and new technologies. The progress 
in technology can be viewed as a continuing historical process 
during which existing forms of satisfaction of human needs are 
replaced by new and superior ones. 
Reliable forecasting of technological changes is surely of 
great interest for corporations and producers planning their 
activity and looking for new opportunities. However, it seems 
that the understanding of the diffusion of new and emerging tech- 
nologies may be of much broader importance. Considering that man 
has few basic material needs to be satisfied--food, clothing, 
shelter, defense, transportation, communication, health care, and 
entertainment--one can regard the material development of society 
as a sequence of substitution processes, or as a single multi- 
variate substitution process with many technologies sequentially 
entering and leaving the process. 
The impulse for this study was given by the work of Marchetti 
[1,2] who also oriented the author's attention toward the empirical 
model advanced by Fisher and Pry [3,4] for the case of two com- 
peting technologies. Inspite of a very low number of parameters, 
the curves generated by these models fit the known historical 
data with a precision which is much higher than one is used to in 
the modeling of economic and social systems. The main objectives of 
this study are: 
- To explain the existing empirical models and rules which 
appear to fit the historical data, and to define the 
conditions under which they hold. 
- To find a law governing multivariate substitution pro- 
cesses, i.e., with any number of competitors. 
- To develop algorithms and computer programs for fore- 
casting of substitution processes and for estimation of 
model parameters from historical data. 
- To find formulae making it possible to calculate the 
model parameters on the basis of the economic assessment 
of a new technoloqy in order to be able to incorporate 
the newcomers also in the model. 
- TO develop a probabilistic model of the substitution 
process, making it possible to describe and evaluate the 
accuracy of forecasting. 
- To apply the model to substitution of primary energy 
sources in world energy consumption, to verify the model 
on historical data (wood, coal, oil, natural gas), and 
to show how the possible role of a new energy source 
(e.g. nuclear) can be forecast on the basis of objec- 
tive and quantitatively well defined data. 
The p a p e r  i s  o r g a n i z e d  i n  t h e  f o l l o w i n g  way. 
I n  S e c t i o n  2 e x i s t i n g  e m p i r i c a l  models  o f  s u b s t i t u t i o n  
p r o c e s s e s  a r e  b r i e f l y  reviewed and d i s c u s s e d .  S e v e r a l  examples  
a r e  g i v e n  t o  i l l u s t r a t e  t h e  problem and t o  p o i n t  o u t  some i m -  
p o r t a n t  f a c t s .  
The approach  a d o p t e d  i n  t h i s  s t u d y  i s  b a s e d  on a  d i f f e r e n -  
t i a l  e q u a t i o n  f o r m u l a t e d  i n  S e c t i o n  3.  T h i s  e q u a t i o n  r e f l e c t s  
t h e  long- te rm b a l a n c e  of  c a p i t a l  f l o w s  g o v e r n i n g  t h e  p r o d u c t i o n  
u s i n g  one o f  compet ing t e c h n o l o g i e s .  A s y s t e m  o f  s u c h  e q u a t i o n s  
d e s c r i b e s  t h e  m u l t i v a r i a t e  c o m p e t i t i o n  and t h e  i n t r o d u c t i o n  o f  
marke t  s h a r e s  makes it p o s s i b l e  t o  e l i m i n a t e  t h e  marke t  p r i c e .  
Fo l lowing  t h i s  b a s i c  i d e a  a  s i m p l e  model i s  d e r i v e d  i n  S e c t i o n  4 ,  
which c a n  be  c o n s i d e r e d  a s  an e x t e n s i o n  o f  t h e  F i s h e r - P r y  model 
t o  t h e  m u l t i v a r i a t e  c a s e .  T h i s  model i s  d e r i v e d  under  c e r t a i n  
s i m p l i f y i n g  a s s u m p t i o n s ;  t h e y  a r e  removed i n  S e c t i o n  5 ,  where  
a  more g e n e r a l  model i s  p r e s e n t e d .  A s  a  c l o s e d  a n a l y t i c a l  s o l u -  
t i o n  d o e s  n o t  e x i s t  i n  t h i s  c a s e  an a l g o r i t h m  i s  deve loped  which 
s o l v e s  t h e  problem n u m e r i c a l l y  i n  a  v e r y  e f f e c t i v e  way. 
The q u e s t i o n  how t h e  i n f o r m a t i o n  a b o u t  t h e  model p a r a m e t e r s  
c a n  be e x t r a c t e d  from known h i s t o r i c a l  d a t a  i s  s t u d i e d  i n  S e c t i o n  
6 .  To be  a b l e  t o  answer  t h i s  q u e s t i o n  i n  a  c o n s i s t e n t  way, it 
was n e c e s s a r y  t o  e x t e n d  t h e  d e t e r m i n i s t i c  models deve loped  i n  
p r e v i o u s  s e c t i o n s  t o  a  p r o b a b i l i s t i c  model.  The problem o f  
p a r a m e t e r  e s t i m a t i o n  i s  s o l v e d  i n  d e t a i l  i n c l u d i n g  t h e  n u m e r i c a l  
a l g o r i t h m s  and p r a c t i c a l  examples .  
The problem o f  f o r e c a s t i n g  i s  a d d r e s s e d  i n  S e c t i o n  7 .  I t  
i s  shown how t h e  u n c e r t a i n t y  o f  model p a r a m e t e r s  c a n  be  r e s p e c t e d  
i n  f o r e c a s t i n g  and how a  new t e c h n o l o g y  c a n  b e  i n c o r p o r a t e d  i n  
t h e  model u s i n g  i t s  economica l  a s s e s s m e n t .  T h i s  i s  d e m o n s t r a t e d  
on t h e  f o r e c a s t  of  marke t  p e n e t r a t i o n  by n u c l e a r  e n e r g y .  
I n  t h e  c o n c l u d i n g  S e c t i o n  8 t h e  r a n g e  o f  v a l i d i t y  o f  t h e  
model i s  d i s c u s s e d  from a g e n e r a l  p o i n t  o f  view and some f u r t h e r  
p o s s i b l e  a p p l i c a t i o n s  a r e  o u t l i n e d .  
T e c h n i c a l  d e t a i l s  o f  m a t h e m a t i c a l  c h a r a c t e r ,  which have 
been o m i t t e d  i n  t h e  main t e x t  t o  make i t  e a s i e r  t o  f o l l o w ,  c a n  
be  found i n  Appendix A  i n  t h e  f o r m  of  m a t h e m a t i c a l  theorems and 
p r o o f s  . 
I n  Appendix B a  s i m p l e  and e f f e c t i v e  o p t i m i z a t i o n  method i s  
deve loped .  I t  i s  a p p l i e d  i n  maximum l i k e l i h o o d  e s t i m a t i o n  i n  
S e c t i o n  6 .  
The main p r a c t i c a l  r e s u l t s  of t h e  t h e o r y  p r e s e n t e d  a r e  con- 
densed  i n  FORTRAN- s u b r o u t i n e s  t h e  commented l i s t i n g s  o f  which 
can  be found i n  Appendix C .  
2 .  FISHER-PRY EMPIRICAL MODEL 
P e r h a p s  t h e  f i r s t  s y s t e m a t i c  a t t e m p t  a t  f o r e c a s t i n g  t e c h -  
n o l o g i c a l  changes  based  on a  mathemat ica l  model i s  due t o  F i s h e r  
and P r y  [ 3 , 4 ] .  They c o l l e c t e d  h i s t o r i c a l  d a t a  on a  wide v a r i e t y  
o f  s u b s t i t u t i o n s  and advanced a  model which f i t s  e x i s t i n g  d a t a  
remarkab ly  w e l l .  The r e s u l t s  o f  F i s h e r  and P r y ' s  i n v e s t i g a t i o n  
a p p l y  t o  two compet ing t e c h n o l o g i e s  o f  commodit ies  f u l f i l l i n g  
t h e  same need.  The e s s e n c e  o f  t h e i r  work can be  s t a t e d  a s  f o l l o w s  
L e t  f l  ( t )  be  t h e  f r a c t i o n  o f  market  occup ied  by t h e  commo- 
d i t y  p roduced  by t h e  f i r s t ,  o l d  t e c h n o l o g y  a t  t i m e  t and f 2 ( t )  
t h e  f r a c t i o n  o f  market  p e n e t r a t i o n  by t h e  s e c o n d ,  new t e c h n o l o g y  
a t  t h e  same t i m e .  
I f  t h e  o b s e r v e d  v a l u e s  o f  f 2  a r e  p l o t t e d  a s  a f u n c t i o n  o f  t i m e  
t h e  p l o t  f o l l o w s  w i t h  a  h i g h  r e g u l a r i t y  t h e  S-shaped c u r v e  g i v e n  
i n  F i g u r e  1 .  
T h i s  c u r v e  c a n  be d e s c r i b e d  by t h e  f o l l o w i n g  f o r m u l a :  
C12 + t g h -  ( t - t )  = I 1 2 - C r ( 2 . 2 )  
1 + e  1 2 ( t  - t h )  
where th i s  t h e  t i m e  a t  which t h e  h a l f  o f  t h e  marke t  i s  p e n e t r a t e d ,  
1  f 2  (t ) = f l  (th) 
= 7. For  g i v e n  th t h e  e n t i r e  s u b s t i t u t i o n  p r o c e s s  h  
i s  de te rmined  by a  s i n g l e  p a r a m e t e r  c 1 2  which is  denoted  i n  t h e  
o r i g i n a l  paper  a s  2a; we changed t h e  n o t a t i o n  t o  be c o m p a t i b l e  
w i t h  t h e  rest of  t h e  p a p e r  where more t h a n  two compet ing techno-  
l o g i e s  a r e  c o n s i d e r e d .  
Figure 1 .  Logistic curve. 
The f r a c t i o n  f l ( t )  can  be o b t a i n e d  s imply  a s  a  supplement  
t o  one a c c o r d i n g  t o  ( 2 . 1 ) ,  o r  f o r m a l l y  from t h e  fo rmula  ( 2 . 2 )  when 
t h e  i n d i c e s  1 and 2  a r e  i n t e r c h a n g e d  and t h e  r e l a t i o n  
i s  used .  
The r e l a t i o n  ( 2 . 2 )  can be r e a r r a n g e d  i n  t h e  f o l l o w i n g  way: 
T h i s  i n d i c a t e s  t h a t  t h e  s u b s t i t u t i o n  d a t a ,  when p l o t t e d  i n  t h e  
form of  f 2 / ( 1  - f 2 )  a s  a  f u n c t i o n  o f  t i m e  s e m i l o g a r i t h m i c a l l y ,  
s h o u l d  form a  s t r a i g h t  l i n e .  T h i s  appeared  t o  h o l d  w i t h  ex- 
t r a o r d i n a r y  p r e c i s i o n  f o r  a  wide r a n g e  of  c a s e s  i n v e s t i g a t e d .  
F i s h e r  and P r y  d e f i n e d  t h e  " t a k e o v e r  t i m e "  of t h e  s u b s t i t u -  
t i o n  a s  t h e  t i m e  p e r i o d  ts r e q u i r e d  t o  t r a n s f e r  from f 2  = 0 .1  
t o  f 2  = 0 . 9 .  I t  is e a s y  t o  f i n d  t h a t  t h e  t a k e o v e r  t i m e  ts and 
t h e  p a r a m e t e r  c 2 1  a r e  r e l a t e d  i n  t h e  f o l l o w i n g  way: 
2 ( t  - th) 
I f  t h e  d i m e n s i o n l e s s  t i m e  T = is  i n t r o d u c e d ,  f o r -  
t s 
mulae ( 2 . 2 )  and ( 2 . 5 )  can  be  w r i t t e n  i n  t h e  f o l l o w i n g  paramete r -  
l e s s  fo rms :  
T h i s  makes it p o s s i b l e  t o  p l o t  d i f f e r e n t  s u b s t i t u t i o n  p r o c e s s e s  
i n t o  a  s i n g l e  g r a p h .  F i s h e r  and P r y  have  done it f o r  17 sub- 
s t i t u t i o n s  l i s t e d  i n  T a b l e  1 .  The r e s u l t  i s  shown i n  F i g u r e  2 .  
For  more d e t a i l s  t h e  r e a d e r  i s  r e f e r r e d  t o  [ 3 ] .  H e r e ,  w e  w i l l  
p o i n t  o u t  o n l y  t h a t  t h e  main o u t l i e r s  i n  F i g u r e  2 concern  t h e  
s y n t h e t i c / n a t u r a l  r u b b e r  s u b s t i t u t i o n  and a r e  d u e  t o  t h e  p e r -  
t u r b a t i o n  t h a t  o c c u r r e d  d u r i n g  t h e  Second World War when l a r g e  
e f f o r t  was u n d e r t a k e n  t o  s u p p o r t  t h e  s u b s t i t u t i o n .  T h i s  i s  
c l e a r l y  s e e n  f rom F i g u r e  3 [ 3 ] .  
A v e r y  i m p o r t a n t  f e a t u r e  of t h e  F i s h e r - P r y  model i s  t h a t  
it d e s c r i b e s  t h e  e v o l u t i o n  o f  t h e  f r a c t i o n a l  marke t  s h a r e  and 
n o t  t h e  t o t a l  p r o d u c t i o n  of  t h e  p a r t i c u l a r  commodity. While t h e  
t o t a l  p r o d u c t i o n  may be  i n f l u e n c e d  by v a r i o u s  and o f t e n  unknown 
e x t e r n a l  f a c t o r s  t h e  e v o l u t i o n  o f  t h e  f r a c t i o n a l  m a r k e t  s h a r e  e x  
h i b i t s  n i c e  r e g u l a r i t y .  T h i s  c a n  b e  c l e a r l y  s e e n  from t h e  ex- 
amples  i n  F i g u r e s  4 and 5. The l i n e  f o r  steel  p r o d u c t i o n  i n  t h e  
USSR i n d i c a t e s  t h a t  t h e  model may be  v a l i d  a l s o  f o r  s o c i e t i e s  
w i t h  p lanned  economies.  
For  l a t e r  u s e  some o t h e r  p o s s i b l e  forms o f  t h e  F i s h e r - P r y  
s u b s t i t u t i o n  model w i l l  now be  g i v e n .  
Table 1. 
S u b s t i t u t i o n  
s t h  
Y e a r s  Y e a r  
S y n t h e t i c / N a t u r a l  R u b b e r  5  8 1 9  5  6  
S y n t h e t i c / N a t u r a l  F i b e r s  
P l a s t i c / N a t u r a l  L e a t h e r  
M a r g a r i n e / N a t u r a l  B u t t e r  
E l e c t r i c  A r c / O p e n  H e a r t h  
S p e c i a l t y  S t e e l s  4  7  1 9 4 7  
W a t e r  B a s e d / O i l - B a s e d  H o u s e  P a i n t  4  3 1 9 6 7  
Open  H e a r t h / ~ e s s e m e r  S t e e l  4  2 1 9 0 7  
S u l f a t e / T r e e - T a p p e d  T u r p e n t i n e  4  2 1 9  5  9  
T i 0  /PbO-ZnO P a i n t  P i g m e n t s  2 2 6  1 9 4 9  
P l a s t i c / H a r d w o o d  R e s i d e n c e  F l o o r s  2 5  1 9 6 6  
P l a s t i c / O t h e r  P l e a s u r e  B o a t  H u l l s  2 0  1 9 6 6  
O r g a n i c / I n o r g a n i c  I n s e c t i c i d e s  1 9  1 9 4 6  
S y n t h e t i c / N a t u r a l  T i r e  F i b e r s  1 7 . 5  1 9 4 8  
P l a s t i c s / M e t a l  C a r s  1 6  1 9 8 1  
BOF/Open H e a r t h  S t e e l s  1 0 . 5  1 9 6 8  
D e t e r g e n t / N a t u r a l  S o a p  (US)  




Figure 5 .  Substitution of syrithetic detergents for 
soap in the IlSA a l ~ d  Japan. 
Source: 141 
S u p p o s e  t h a t  we s t a r t  t o  c o u n t  t h e  t i m e  t a t  t h e  moment when 
f ,  (0)  = f 1 0  a n d  f 2 ( 0 )  = 1  - f I 0  = f 2 0  . ( 2 . 6 )  
From ( 2 . 4 )  we h a v e  
a n d  t h e  f o r m u l a  ( 2 . 2 )  c a n  b e  w r i t t e n  as f o l l o w s :  
The Fisher-Pry model can also be written in the differential form 
The formula (2.7) is actually the solution of this simple non- 
linear equation of Bernoulli type for the initial conditions (2.6). 
The substitution process with two competing commodities may 
also be described by two differential equations 
Notice that the relation 
holds if (2.3) holds. It means that the condition (2.1) is ful- 
filled for any t if it is fulfilled for one particular t, e.g. 
t = 0. This observation may seem somewhat redundant in this 
simple two dimensional case. Its importance will be seen later 
on when we shall deal with multivariate substitution processes. 
Several modifications of the Fisher-Pry model have been sug- 
gested [5-101 but they don't seem to be substantial, at least 
from the point of view of this study. 
Marchetti [1,2] brought up the idea of considering different 
primary energy sources as commodities competing for a market. 
In the historical period of interest there are at least three 
or four primary energy sources in the competition and the Fisher- 
Pry model cannot be directly applied. To handle this case 
Marchetti, after an analysis of known historical data, suggested 
a rule called "first in - first out." According to this rule 
both the technology leaving the market and the newcomer follow 
the Fisher-Pry straight line (2.5), the former with positive 
the latter with negative slope, while the fraction of the oldest 
among the growing ones is determined as a complement to 1. In 
this way he was able, using data before 1940, to predict the 
fractional market share of oil consumption in the USA up to 
1970 with a precision better than one percent. See Figure 6 .  
CALCULATED VALUES 
STATISTICAL DATA 
Figure 6 .  11s oil energy fraction calculatcsd from 
1930-1 940 trend lines. 
Source: (21 
When we try to summarize the present knowledge of the substi- 
tution processes, mostly based on experience, several questions 
arise naturally. 
( 1 )  The fractions of market share exhibit a much higher 
regularity than the absolute values of particular productions. 
Why is it so? 
( 2 )  The equation (2.8) says that "the fractional rate of 
fractional substitution of new for old is proportional to the 
remaining amount of the old left to be substituted" [ 3 ] .  This 
was asserted by Fisher and Pry as a basic assumption. How can 
such an assumption be justified? Obviously, it cannot be true 
for more than two competing commodities. 
( 3 )  The parameter c21 = -C12 in equations (2.2) and (2.9) 
is a characteristic of the difference in quality of two compet- 
itors. From the second equation in (2.9) it can be seen that the 
newcomer f2 never can penetrate the market if c21 < 0. Even if 
20 > O r  it will die out. (Remember the competition between air- 
ships and airplanes at the beginning of this century.) What does 
this coefficient depend on? 
(4) The previous question was partially answered by Mansfield 
191 who showed that the rate constant was positively correlated 
with profitability of the new technology and negatively influenced 
by the relative capital investment needed to introduce the new 
technology. The question whether this relation can be established 
quantitatively is of extraordinary importance. If the answer were 
positive it would not be necessary to wait for historical data and 
the chance of the new technology could be evaluated in advance and 
also the evolution of the competition could be precalculated given 
the time instance when the new technology is introduced. For in- 
stance, it would be possible to determine under which conditions 
solar energy may enter the market and what role it will play. 
(5) Considering the case of more than two competing techno- 
logies it does not seem likely that the evolution of the looser 
and the newcomer could be entirely independent of the competitor 
being in transition. Apparently, the Marchetti rule "first in - 
first out" is a well working approximation of a more general law. 
What is this law? 
(6) The existing substitution models are fatalistic in the 
sense that they project the future as uniquely predetermined by 
the past history. An interesting discussion on technological fate 
can be found in [21. Is this fate inevitable? A positive answer 
can hardly be accepted in general. What can be done if the normal 
competitive technological evolution would lead to drastic ecolo- 
gical changes or if it would threaten the existence of mankind 
itself? What is the best way to control the substitution pro- 
cesses? 
All these questions will be addressed and hopefully also 
answered, at least partially, in the following sections. 
3. BASIC EQUATION 
Let Pi(t) be the production of the ith competing commodity 
in time t. By production we mean the number of units of the 
particular commodity produced in the unit of time. What unit is 
chosen to measure the production is not important at this moment. 
For instance the steel production can be measured in tons per day, 
in the case of electricity a megawatt can be chosen as a unit of 
production. 
Consider a finite time interval in which the production was 
increased from Pi (t) to Pi (t+At) . To realize this increase of 
production a certain investment was necessary. Let this invest- 
ment be 
where ai is the capital needed to increase the production by a 
unit and will be called specific investment. In ai also the in- 
vestment for distribution of the product is respected. Any unit 
can be chosen to measure the capital and/or investment. The 
reader may consider a monetary measure if he wants. Later on it 
will be seen that only ratios are important. 
The investment must be covered from some capital sources. One 
of the possible sources is the capital accumulated by the producer 
during the time period 
where c. are specific production costs and p(t) is the market 
p r i c e .  By s p e c i f i c  p r o d u c t i o n  c o s t s  we mean a l l  e x p e n s e s  con- 
n e c t e d  w i t h  p r o d u c t i o n  o f  a  u n i t  o f  t h e  g i v e n  commodity i n c l u d i n g  
a m o r t i z a t i o n  o f  t h e  m a t e r i a l  goods  u s e d  i n  p r o d u c t i o n  and  even-  
t u a l l y  a l s o  t h e  t a x  set  on  t h e  p r o d u c t  by t h e  gove rnmen t .  
L e t  Q i ( t , A t )  b e  t h e  e x t e r n a l  c a p i t a l  wh ich  was e x t e n d e d  t o  
t h e  p r o d u c e r  f rom o u t s i d e .  I t  a l s o  may b e ,  f o r  i n s t a n c e ,  a  
g o v e r n m e n t a l  s u p p o r t  g i v e n  t o  t h e  p r o d u c e r ,  i f  t h e r e  i s  some 
p u b l i c  i n t e r e s t  i n  t h e  p r o d u c t i o n  o f  t h e  g i v e n  commodity.  
Making a  b a l a n c e ,  we c a n  w r i t e  
t + A t  
a i  [Pi  ( t + A t )  - Pi ( t )  I = J Pi ( t i  [ p i t )  - c i ] d t  + Q i ( t , n t )  + n i  ( t . ~ t )  
t 
( 3 . 1 )  
where  A i ( t , A t )  i s  e i t h e r  t h e  p a r t  o f  t h e  c a p i t a l  wh ich  was k e p t  
by t h e  p r o d u c e r  t o  b e  i n v e s t e d  i n  t h e  n e a r  f u t u r e ,  i n  t h i s  c a s e  
A i  i s  n e g a t i v e ,  o r  it i s  a  p a r t  o f  t h e  c a p i t a l  wh ich  was accumu- 
l a t e d  i n  t h e  p a s t  and i s  i n v e s t e d  i n  t h e  t i m e  i n t e r v a l  u n d e r  
c o n s i d e r a t i o n .  
The e q u a t i o n  ( 3 . 1 )  c a n  b e  r e w r i t t e n  i n t o  t h e  f o l l o w i n g  fo rm:  
t + A t  
a . 6 .  ( t )  - Pi ( t )  [ p ( t )  - c i ]  - q i  ( t )  d t  = A i ( t , A t )  
, I ( 3 . 2 )  
where  
a n d  q ( t )  i s  t h e  e x t e r n a l  c a p i t a l  f l o w  d e f i n e d  b y  t h e  r e l a t i o n  
When t and/or  A t  a r e  changing t h e  r i g h t - h a n d  s i d e  o f  e q u a t i o n  
( 3 . 2 )  t a k e s  d i f f e r e n t  v a l u e s ,  p o s i t i v e  and n e g a t i v e .  A s  we a r e  
i n t e r e s t e d  o n l y  i n  long term b e h a v i o r  of t h e  p r o c e s s  s t u d i e d ,  
A i ( t , A t )  i n  ( 3 . 2 )  can  be c o n s i d e r e d  a s  a  random v a r i a b l e  w i t h  
z e r o  mean and i n s t e a d  of ( 3 . 2 )  we can w r i t e  
S t r i c t l y  t a k e n ,  t h e  v a r i a b l e  Pi ( t )  i n  ( 3 . 2 )  shou ld  be d i s t i n g u i s h e d  
from t h e  e q u a l l y  denoted  v a r i a b l e  i n  ( 3 . 3 )  . I n  ( 3 . 2 )  it means a  
r e a l i z a t i o n  o f  a  random p r o c e s s  w h i l e  i n  ( 3 . 3 )  it i s  used t o  de- 
s c r i b e  an a b s t r a c t  "smoothed" p r o c e s s  which i s  of  main i n t e r e s t  
from t h e  v iewpoin t  o f  o u r  g o a l s .  The s t o c h a s t i c  n a t u r e  of t h e  
t r u e  p r o c e s s  w i l l  be  c o n s i d e r e d  i n  more d e t a i l  l a t e r  on when we 
s h a l l  d e a l  w i t h  e s t i m a t i o n  of model p a r a m e t e r s  from h i s t o r i c a l  
d a t a  and w i t h  u n c e r t a i n t y  o f  f o r e c a s t i n g .  
A s  t h e  i n t e g r a l  i n  ( 3 . 3 )  i s  e q u a l  t o  z e r o  f o r  any t and A t  
t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n  must h o l d  
T h i s  i s  t h e  b a s i c  e q u a t i o n  we s h a l l  d e a l  w i t h .  
The e q u a t i o n  ( 3 . 4 )  c o n t a i n s  t h e  market  p r i c e  p ( t )  which i s  
a  v e r y  u n c e r t a i n  v a r i a b l e  depending on many e x t e r n a l  and o f t e n  
unknown f a c t o r s .  I t  s h o u l d  b e  s t r e s s e d  t h a t  we have i n t r o d u c e d  
t h i s  q u a n t i t y  o n l y  a s  a  s e p a r a t o r  t o  be a b l e  t o  f o r m u l a t e  t h e  
economical  b a l a n c e  s e p a r a t e l y  f o r  d i f f e r e n t  competing p r o d u c t i o n s  
of commodities s a t i s f y i n g  t h e  same o r  s i m i l a r  need.  I t  w i l l  be 
e l i m i n a t e d  and w i l l  n e v e r  e n t e r  o u r  model. T h i s  i s  p e r h a p s  t h e  
main t r i c k  of t h e  f u r t h e r  development of t h e  s u b s t i t u t i o n  model. 
I n  t h e  c a s e  of s o c i e t i e s  w i t h  p lanned  economies ,  where no 
open marke t  e x i s t s ,  t h e  market  p r i c e  p ( t )  can be unders tood  a s  a  
s o c i a l  v a l u e  of t h e  c o n s i d e r e d  commodity f o r  t h e  p r e s e n t  dep loy-  
ment of t e c h n o l o g i e s .  
4. MULTIVARIATE COMPETITION 
In this section we shall consider the situation when n pro- 
ducers produce commodities satisfying the same need but they use 
different technologies. We shall derive a multivariate substitu- 
tion model, a special case of which, for n = 2, is the Fisher-Pry 
model reported in Section 2. 
To start a production with a new technology some investment 
must be made using external capital sources. No technology can 
start from zero without external help. This can be clearly seen 
from equation (3.4). However, if the new technology has been al- 
ready established and is viable, it must be able to live and grow 
on its own account. In this section we shall assume that none of 
the competing technologies is permanently supported by external 
capital. These conditions can be defined mathematically in the 
following way. 
For n competing technologies we have n equation of type (3.4) 
Because of the unknown quantity p(t) the system of differential 
equations (4.2) is not a complete description of the substitution 
process. We have n equations for n+l unknowns. Before we show 
how this difficulty can be overcome two comments are in order. 
The differential equation (3.4) has been derived for a growing 
production. In the system (4.2) all of the competing productions 
may grow if the demand is growing fast enough. See, for instance, 
the competition between soap and synthetic detergents in Japan 
between 1950 and 1957 in Figure 5. However, in general, some 
productions may subside in the course of competition and the 
question is whether the corresponding equation in the system (4.2) 
applies also to this case. The answer is yes under the condition 
that the production does not fall faster than is the natural 
amortization of the equipment. Further on we shall assume that 
this condition is fulfilled. Then the negative left-hand side 
of equation (4.2) represents the capital flow which is saved 
because a part of the worn-out equipment is not renewed. The 
old technology lives from his stock. 
The second comment concerns the market price. In the system 
of equations (4.2) it was tacitly assumed that the market price 
is the same for all competing commodities. This is a reasonable 
assumption if the commodities are in every respect equal. This 
is, for instance, the case when the same steel is produced by 
different technologies (e.g. open hearth or Bessemer) or when 
electricity is generated using different primary energy sources. 
However, even when competing commodities satisfy the same need, 
in the sense that the consumer having purchased one commodity will 
not purchase the other one, they may satisfy this need in qualita- 
tively different ways. The consumer is ready to pay a higher price 
for a higher quality. Consider, for instance, domestic heating. 
Both coal and oil can be used to heat a house but oil heating is 
more comfortable and many of us prefer it even if it is more expen- 
sive. Mechanical and electronic wrist watches satisfy the same need, 
nevertheless many people are ready to pay a higher price for an elec- 
tronic watch because they want to have it for some psychological rea- 
sons. A drastic example of this kind are women's clothes. 
To be able to handle at least some of these cases we have to 
introduce a reference price. As a reference price the price of any 
of the competing commodities can be chosen. For the sake of 
simplicity let us choose the lowest price. Let p be this ref- 
erence price, pi the price of the ith commodity and Api the dif- 
ference the consumer is ready to pay for the higher quality. 
The difference between the price and the specific production costs, 
which is the source of the capital the producer can accumulate, 
can be written in the following way 
This shows that the system of differential equations (4.2) holds 
also for the case of different prices if the specific production 
costs are reduced by Api. From now on c. will mean specific 
production costs corrected in this way. 
To proceed in the development of our model we shall rear- 
range the equation (4.2) in the following way: 
The same equation can be written for the commodity indexed by j 
Subtracting ( 4 . 3 )  from ( 4 . 4 )  we obtain 
In this way n-1 independent equations can be constructed which do 
not contain the unknown variable p; however, one equation is still 
missing. 
To begin with a simple case we shall assume that the specific 
investments are the same for all of the competing technologies: 
At first sight, it may seem that this is a drastic and very 
restricting assumption. However, later on when this assumption 
will be removed, we shall see that the dynamics of market penetra- 
tion is not very sensitive with respect to this assumption and 
that the result obtained under this simplification may be a very 
good approximation for the more general case. 
Under the assumption ( 4 . 6 )  the left-hand side of ( 4 . 5 )  can 
be rearranged in the following way. 
d d 
a - (LnP.) - a. - ((lnp.) j dt I 1 dt 1 = a ~ ( k n 2 )  dt = a&(kng) 
where P is the total production of competing commodities 
and fi is the fractional market share 
Using (4.8) the equation (4.5) can be rewritten for market shares. 
In this way the market price p(t) has been eliminated. The 
equation (4.11) can be written for any i and j; however, only n-I 
of these equations are independent. Hence we still have a system 
of n-1 equations for n unknowns fi, i = 1.2, ..., n. But having 
passed from absolute values of productions Pi to corresponding 
market shares fi we have the possibility to make use of an addi- 
tional equation, which is independent of (4.11): 
Now we have a complete system of differential equations the 
solution of which, for given initial conditions, is unique. 
The system of equations (4.11) and (4.12) is somewhat un- 
symmetric. It would be good to have it in a symmetric form. 
Let us find such a form. 
The e q u a t i o n  (4 .1  1  ) can be r e o r g a n i z e d  i n  t h e  f o l l o w i n g  way. 
A s  t h i s  r e l a t i o n  h o l d s  f o r  any j and i t h e r e  must  e x i s t  a  f u n c t i o n  
Q(t)  which i s  common f o r  a l l  components of t h e  system and f o r  
which 
L e t  u s  d e t e r m i n e  t h i s  f u n c t i o n .  From ( 4 . 1 2 )  
From ( 4 . 1 3 )  we have 
and a f t e r  t h e  s u b s t i t u t i o n  i n  ( 4 . 1 4 )  we g e t  
Now, t h e  symmetr ic  system can be o b t a i n e d  from (4 .13)  : 
Making u s e  of t h e  obv ious  r e l a t i o n  
n  
and introducing the notation 
the equation (4.16) can be written as 
Notice that this system of equations also holds when the 
coefficients c. . are time-dependent. No assumptions have been 
1 3  
made in this respect. Notice also that for n=2 the system (4.18) 
is 
which is the Fisher-Pry model in the differential form (2.9). 
Only very rarely an explicit solution of a system of non- 
linear differential equations can be found. Fortunately, 
system (4.18) is an exception. A general solution can be found 
in different ways. We shall proceed in a way which is somewhat 
tricky but simple. 
Evidently for any t 
With notation (4.17) the equation (4.11) reads 
and can be e a s i l y  i n t e g r a t e d :  
where 
f io  = f i  (to) , V i 
a r e  t h e  i n i t i a l  c o n d i t i o n s .  I t  o n l y  remains  t o  s u b s t i t u t e  ( 4 . 2 1 )  
i n t o  ( 4 . 1 9 ) .  
I f  it can  be assumed t h a t  t h e  c o e f f i c i e n t s  c . .  d e f i n e d  by ( 4 . 1 7 )  
1 3 
a r e  t i m e  i n v a r i a n t  t h e  f o l l o w i n g  s imple  r e s u l t  i s  o b t a i n e d :  
I f  we d e n o t e  
fo rmula  (4 .23)  becomes 
jfi 
Notice that for n=2, formula (4.23) gives the  ish her-Pry 
model in the form (2.7) while (4.25) corresponds to (2.2). 
The simple formula (4.23) assumes that the coefficients cji 
are time invariant. According to (4.17) these coefficients are 
determined by ratios of specific production costs (eventually 
corrected by Ap. as discussed above) and specific investment. 
1 
It is known [ll] that due to the learning effect the efficiency 
of the direct labor input improves with the number of units 
produced. This should be reflected in specific production costs 
and also in specific investments. Therefore the assumption that 
their ratio remains constant does not seem unrealistic at least 
from the time when the technology was well established. Moreover, 
from the way that the time-varying coefficients c . .  enter the 
3 1 
more general formula (4.22) it can be seen that a mean value, 
defined as 
may serve as a good approximation for t < t < t  +T if c..(r) does 0- - 0 1 I 
not vary too drastically. 
E x a m p l e  1 .  Substitution of primary energy sources 
Now it will be shown how the multivariate substitution model, 
derived in this section, works in a practical example. The model 
will be applied to describe the competition between different 
primary energy sources during the past 110 years. Wood, coal, 
oil and natural gas are considered as competitors in the world 
consumption of energy. 
Under the assumption that c. are constants for all j and i 
1 j 
the relation (4.20) can be written in the following form 
f .  (t) 
en- = k . .  - c . .  (t- to) . fi (t) I 1 (4.26) 3 1 
It indicates that the logarithms of the ratios of market shares 
for all pairs of competitors, when plotted as functions of time, 
should follow straight lines. Figures 7a, b, c, d show that in 
the given example it is true with a very good approximation. The 
straight lines in these figures were obtained as least squares 
fits. Notice that oil and natural gas are equivalent competitors 
in a certain sense. This can be seen from horizontal lines in 
Figures 7c, d and from parallelism of lines for oil and natural 
gas in Figures 7a, b. 
To see how the model can be used for forecasting, only the 
historical data between 1 9 3 0  and 1 9 5 0  were taken to estimate the 
model parameters. The projections obtained in this way for the 
future (and also for the past) are given in Figure 8 where also 
true historical data are registered for comparison. The figure 
also shows how the future, not yet known, development of the 
natural competition could be if no new and superior technology-- 
like nuclear--were introduced. The historical data given in 
this example were collected at IIASA by N. Nakicenovic [ I 2 1  who 
also performed this preliminary calculation. The question of 
estimation of model parameters from historical data will be dis- 
cussed in Section 6 where a more detailed analysis and description 
of this example will be given. The problem of forecasting is 
studied in Section 7. 
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Figure 7a,b. Ratios of  market shares plotted 
vs. time in semilogarithmic scale. 
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Figure 7c,d. (continued) 

5. COMPETITION UNDER DIFFERENT SPECIFIC INVESTMENTS 
I n  t h e  p r ev ious  s e c t i o n  a  m u l t i v a r i a t e  s u b s t i t u t i o n  model 
h a s  been deve loped  under  t h e  assumption t h a t  t h e  s p e c i f i c  i n v e s t -  
ments a i l  i = 1 , 2 ,  ..., n,  were t h e  same f o r  a l l  o f  competing t e ch -  
n o l o g i e s .  T h i s  s i m p l i f y i n g  assumption w i l l  now be removed and it 
w i l l  b e  shown t h a t  t h e  o v e r a l l  dynamics o f  t h e  s u b s t i t u t i o n  does  
n o t  change much when t h e  s p e c i f i c  i nves tmen t s  o f  competing t e ch -  
n o l o g i e s  a r e  s l i g h t l y  d i f f e r e n t .  A s  a  m a t t e r  o f  f a c t ,  t h i s  was 
a l r e a d y  i n d i c a t e d  by t h e  example of  p r imary  ene r gy  s u b s t i t u t i o n  
where t h e  s p e c i f i c  i nves tme n t s  a p p a r e n t l y  a r e  n o t  e q u a l ,  and a l s o  
by many examples o f  two-dimensional compe t i t i on  g iven  by F i s h e r  
and Pry  [ 3 , 4 ] .  Now w e  s h a l l  i n v e s t i g a t e  t h i s  f a v o r a b l e  f e a t u r e  
o f  t h e  model i n  d e t a i l .  
W e  s h a l l  s t a r t  ou r  i n v e s t i g a t i o n  w i t h  t h e  e q u a t i o n  ( 4 .5 )  which 
can be  w r i t t e n  i n  t h e  fo l l owing  form 
F o r  n  competing t e c h n o l o g i e s  n-1 independent  e q u a t i o n s  o f  t h i s  
t y p e  can  be w r i t t e n .  I n t r o d u c i n g  t h e  f r a c t i o n a l  market  s h a r e s  
(4 .10)  we have 
where P i s  t h e  t o t a l  p roduc t i on  o f  a l l  competing t e c h n o l o g i e s  ( 4 . 9 ) .  
I f  t h e  growth r a t e  f a c t o r  
i s  i n t r o d u c e d  t h e  e q u a t i o n  (5 .1  ) g e t s  t h e  form 
By t h e  growth r a t e  p ( 5 . 3 )  a  new exogenous pa r ame te r ,  o r  p o s s i b l y  
a  v a r i a b l e ,  i s  i n t r oduced .  The i n f l u e n c e  o f  t h i s  exogenous quan- 
t i t y  on t h e  system dynamics w i l l  b e  d i s c u s s e d  i n  more d e t a i l  l a t e r  
on; at this moment notice only that the growth rate p can be can- 
celled in (5.4) if a = ai. Notice also that all parameters in j 
equation (5.4) can be time-varying in general. Some assumptions 
concerning this point will be made in due course. 
As the relation (5.4) holds for any pair of indices i and j 
there exists a function 'P (t) which is common for all of the com- 
petitors and for which 
Similarly to Section 4 the function p (t) can be determined from 
the condition 
From (5.5) 
and using (5.7) the following expression for 9 (t) is obtained: 
The replacement of Q in (5.8) by (5.9) and a simple rearrangement 
gives the following symmetrical system of differential equations: 
N o t i c e  t h a t  t h e  f o l l o w i n g  r e l a t i o n s  h o l d  f o r  t h e  p a r a m e t e r s  
c .  and a . .  e n t e r i n g  t h e  sys tem o f  d i f f e r e n t i a l  e q u a t i o n s  (5 .10)  
1 j  11 
by which t h e  m u l t i v a r i a t e  s u b s t i t u t i o n  p r o c e s s  is  governed.  
a . .  = 1  
11 ( 5 . 1 4 )  
c . .  = - a i j  c j i  = c r j  - a i j  cri - a r j  ( c i r  - c .  ) 
I r 
(5 .15)  
11 
T h i s  means t h a t  t h e  sys tem dynamics  is  f u l l y  d e t e r m i n e d  o n l y  by 
2 (n-1)  i n d e p e n d e n t  p a r a m e t e r s  ( p o s s i b l y  t i m e - v a r y i n g ) ,  f o r  i n s t a n c e ,  
by 
a  ri , c  ; V i  f r 
o r  by 
where r i s  t h e  i n d e x  o f  a n  a r b i t r a r i l y  chosen  r e f e r e n c e  c o m p e t i t o r .  
A l l  r e m a i n i n g  p a r a m e t e r s  a r e  d e t e r m i n e d  by r e l a t i o n s  ( 5 . 1 3 )  t o  
( 5 . 1 6 ) .  
N o t i c e  a l s o  t h a t  t h e  sys tem c a n  be c o n s i d e r e d  a s  a  sys tem 
a .  
w i t h  c o n s t a n t  p a r a m e t e r s  i f  ( z  + F) and t h e  r a t i o s  2 a . a r e  t ime-  
3 
i n v a r i a n t ,  i . e .  n o t  n e c e s s a r i l y  c i  and a i  s e p a r a t e l y .  
A comment i s  i n  o r d e r  c o n c e r n i n g  t h e  growth r a t e  f a c t o r  P .  
The i n t r o d u c t i o n  of  t h i s  f a c t o r  is t h e  p r i c e  w e  have t o  pay i n  
o r d e r  t o  g e t  r i d  o f  t h e  market  p r i c e  p  i n  t h e  c a s e  of d i f f e r e n t  
s p e c i f i c  i n v e s t m e n t s  a i .  A c t u a l l y  t h e  growth r a t e  f a c t o r  p i s  
r e l a t e d  t o  t h e  market  p r i c e  p  and it  is  t r u e  t h a t  e l i m i n a t i n g  t h e  
u n c e r t a i n  q u a n t i t y  p  we i n t r o d u c e d  t h e  o t h e r  one p .  However, it 
seems t o  b e  more advan tageous  t o  o p e r a t e  w i t h  P i n s t e a d  o f  p  f o r  
s e v e r a l  r e a s o n s :  ( 1 )  From t h e  e x p r e s s i o n  ( 5 . 1 2 )  it c a n  b e  s e e n  
t h a t  t h e  t o t a l  g rowth  r a t e  f a c t o r  p  d o e s  n o t  have  much i n f l u e n c e  
i f  t h e  r a t i o  a i /a  i s  c l o s e  t o  one .  ( 2 )  O f t e n  t h e  g rowth  o f  t h e  j 
t o t a l  p r o d u c t i o n  P e x h i b i t s  an e x p o n e n t i a l  b e h a v i o r  and t h e  f a c t o r  
p  can  be  c o n s i d e r e d  a s  a  c o n s t a n t  w i t h  r e a s o n a b l e  a p p r o x i m a t i o n .  
World e n e r g y  consumption and  U.S. t o t a l  e n e r g y  consumption a r e  
g i v e n  i n  F i g u r e s  9 and 1 0  [ 2 ]  a s  examples  o f  t h i s  k i n d .  I n  t h e  
fo rmer  c a s e  p  = 0 . 0 2 ,  w h i l e  f o r  t h e  USA p = 0 .03  i f  one  y e a r  i s  
t a k e n  a s  t h e  t i m e  u n i t .  L a t e r  on it w i l l  b e  s e e n  t h a t  t h e  dynam- 
i c s  o f  t h e  sys tem i s  r a t h e r  i n s e n s i t i v e  w i t h  r e s p e c t  t o  s t o c h a s t i c  
f l u c t u a t i o n s  o f  p ( t )  a round  some mean v a l u e  even  when t h e  s p e c i f i c  
i n v e s t m e n t s  a r e  c o n s i d e r a b l y  d i f f e r e n t .  ( 3 )  I f  one  would p r e f e r  
t o  go d e e p e r  i n t o  t h e  marke t  r e l a t i o n s  it would b e  n e c e s s a r y  t o  
i n t r o d u c e  and p a r a m e t r i z e  t h e  marke t  demand f u n c t i o n  and  t o  make 
some a d d i t i o n a l  a s sumpt ion  l i k e  e x i s t e n c e  of marke t  e q u i l i b r i u m ,  
e t c .  
The s o l u t i o n  o f  t h e  s y s t e m  of  d i f f e r e n t i a l  e q u a t i o n s  ( 5 . 1 0 ) ,  
by which t h e  s u b s t i t u t i o n  p r o c e s s  i s  g o v e r n e d  i n  t h e  c a s e  o f  d i f -  
f e r e n t  s p e c i f i c  i n v e s t m e n t s  a i ,  i . e .  a j i  1 ,  c a n n o t  b e  g i v e n  i n  
a  c l o s e d  e x p l i c i t  form. A s t r a i g h t f o r w a r d  way t o  o b t a i n  t h e  s o l u -  
t i o n  f o r  a  p a r t i c u l a r  c a s e  i s  t h e  s t e p w i s e  n u m e r i c a l  s o l u t i o n  u s i n g  
s e v e r a l  known g e n e r a l  a l g o r i t h m s .  However, i f  it c a n  b e  assumed 
t h a t  t h e  r a t i o s  a .  . = a .  / a  a r e  t i m e - i n v a r i a n t  f o r  a l l  i and  j  it 
11 1 j  
i s  p o s s i b l e  t o  r e d u c e  t h e  s o l u t i o n  of t h e  s y s t e m  o f  n  n o n l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  ( 5 . 1 0 )  t o  a  problem o f  f i n d i n g  t h e  r o o t  o f  
a  s i m p l e  u n i v a r i a t e  t r a n s c e n d e n t a l  e q u a t i o n .  The method we a r e  
g o i n g  t o  d e v e l o p ,  makes it p o s s i b l e  t o  d e t e r m i n e  t h e  marke t  s h a r e s  
f i ( t ) ,  i = 1 , 2 ,  ..., n  f o r  any g i v e n  t i m e  i n s t a n t  t i n  a  s i m p l e  way 
and  it a l s o  g i v e s  a  b e t t e r  p i c t u r e  a b o u t  t h e  s e n s i t i v i t y  o f  t h e  
s o l u t i o n  w i t h  r e s p e c t  t o  p a r a m e t e r  v a l u e s  and t h e i r  p o s s i b l e  v a r -  
i a t i o n s .  
Choose one o f  t h e  compet ing t e c h n o l o g i e s ,  s a y  ~ : i t h  in?e:: r ,  
a s  t h e  r e f e r e n c e  competitor, d i v i d e  t h e  r e l a t i o n  ( 5 . 4 )  by r x  . 0  
r 
and s u b t r a c t  from b o t h  s l d e s  o f  ( 5 . 4 )  t h e  t e r m  (5 - I;). The f o l -  
lowing  r e l a t i o n  e q u i v a l e n t  t o  ( 5 . 4 )  i s  o b t a i n e d :  
10000 
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Figure 9. World energy consun~ption, including wood and 
farrn waste. 
Source: [ 2 ]  
Figure 10. US total energy consun~ption. 
Source: [2]  
S i m i l a r l y  t o  ( 5 . 4 )  t h i s  r e l a t i o n  a l s o  h o l d s  f o r  any p a i r  of i n -  
d i c e s  i and j and t h e r e f o r e  
where P r  i s  a  f u n c t i o n  o f  t ime  which i s  common f o r  a l l  i n d i c e s  i. 
The meaning of  t h i s  f u n c t i o n  becomes c l e a r  when t h e  index  i i s  
chosen a s  i = r and t h e  r e l a t i o n s  (5 .14)  and (5.16)  a r e  cons ide r ed .  
Then from (5 .18)  
Div id ing  t h e  whole equa t i o n  (5.18)  by a i r  and u s ing  t h e  f i r s t  
e q u a l i t i e s  i n  (5 .13)  and ( 5 . 1 5 ) ,  w e  o b t a i n  
The r e l a t i o n  (5.18)  can be r e a r r a n g e d  i n t o  t h e  f o l l owing  form 
I n t e g r a t i o n  of  ( 5 . 2 0 ) ,  under  t h e  assumption t h a t  ari  i s  t ime-  
i n v a r i a n t ,  g i v e s  
I f  it can  be assumed t h a t  t h e  pa r ame te r s  cri  a r e  a l s o  t ime - inva r i -  
a n t  t hen  t h e  formula  (5.23)  g e t s  t h e  form 
c . (t - t o )  
r l  
~ ~ ~ ( t )  = f i ( t o )  e  (5 .25)  
Not ice  t h a t  t h e  v a r i a t i o n s  o f  t h e  parameters  c r i ( t )  a r e  
smoothed by t h e  i n t e g r a l  i n  ( 5 . 2 3 ) .  T h i s  a l s o  shows t h a t  t h e  
s t o c h a s t i c  f l u c t u a t i o n s  of t h e  growth r a t e  f a c t o r  p ,  e n t e r i n g  
c  a cco rd ing  t o  ( 5 . 1 2 ) ,  may w e l l  be n e g l e c t e d  even when a i l  
r i  
i = 1 , 2 ,  ..., n  a r e  c o n s i d e r a b l y  d i f f e r e n t .  
For  g iven  i n i t i a l  c o n d i t i o n  f i ( t o )  and g iven  c r i  t h e  f a c t o r  
K ( t )  can  be e a s i l y  c a l c u l a t e d  f o r  a l l  i and any t ime  i n s t a n c e  
r i 
t u s i n g  (5 .23)  o r  ( 5 . 2 5 ) .  To be a b l e  t o  de te rmine  a l s o  t h e  market  
s h a r e s  f .  ( t )  acco rd ing  t o  (5 .22)  it i s  n e c e s s a r y  t o  know t h e  v a l u e  
of  t h e  s i n g l e  f u n c t i o n  @ ( t )  f o r  t h e  p a r t i c u l a r  t .  T hi s  v a l u e  can 
r 
be de te rmined  from t h e  c o n d i t i o n  
when f i  a r e  cons ide r ed  f u n c t i o n s  of  a n  unknown v a l u e  @r f o r  g iven  
t. I f  we i n t r o d u c e  t h e  f u n c t i o n  
t h e n  t h e  unknown v a l u e  Q r ( t )  i s  t h e  r o o t  o f  t h e  t r a n s d e n d e n t a l  
e q u a t i o n  
A s  b o t h  K . and a . f o r  a l l  i a r e  p o s i t i v e  t h e  d e r i v a t i v e  dSr/dQr 
r 1 r 1 
i s  a l s o  p o s i t i v e  f o r  any Q - - t h e  f u n c t i o n  S r ( Q  ) i s  monotonous--  
r r 
and c o n s e q u e n t l y  t h e  r e a l  r o o t  o f  t h e  e q u a t i o n  (5 .27)  i s  unique .  
I t  can  be  found by s e v e r a l  w e l l  known i t e r a t i v e  n u m e r i c a l  methods.  
B e f o r e  we go  i n t o  t h e s e  d e t a i l s  some r e a r r a n g e m e n t  o f  t h e  e q u a t i o n  
( 5 . 2 7 )  i s  n e c e s s a r y .  
The advan tage  o f  t h e  p r o c e d u r e  o u t l i n e d  above i s  t h a t  it 
o p e r a t e s  w i t h  t h e  minimum number o f  p a r a m e t e r s .  The d i s a d v a n t a g e  
i s  t h a t  it i s  unsymmetr ical  i n  t h e  s e n s e  t h a t  it depends on t h e  
c h o i c e  o f  t h e  r e f e r e n c e  c o m p e t i t o r  indexed  by r .  A more d e t a i l e d  
a n a l y s i s  shows t h a t  an u n s u i t a b l e  c h o i c e  of  t h e  r e f e r e n c e  c o m p e t i t o r  
might  l e a d  t o  n u m e r i c a l  d i f f i c u l t i e s .  To a v o i d  t h e s e  p o s s i b l e  d i f -  
f i c u l t i e s  w e  s h a l l  f o r e g o  t h e  minimum number o f  p a r a m e t e r s  and w e  
s h a l l  modify t h e  p r o c e d u r e  t o  m a i n t a i n  t h e  symmetry. 
L e t  be  some mean v a l u e  o f  a l l  a ' s  t h e  s u i t a b l e  c h o i c e  of  
which w i l l  be  made l a t e r  on. D i v i d i n g  e q u a t i o n  ( 5 . 5 )  by a .  > 0, 
we c a n  w r i t e  it a s  
I n t e g r a t i o n  o f  t h i s  e q u a t i o n  o v e r  t h e  t i m e  i n t e r v a l  ( t ~ , t )  under  
t h e  assumpt ion  t h a t  t h e  r a t i o  z / a i  i s  t i m e - i n v a r i a n t  g i v e s  
where 
f. = fi (to), $ (t) is a function of time which is common for all 
1 0  
i but unknown for t t, and 
or, when (ci + aip ) /a  is constant, 
For any given t $ t o  all market shares (5.29) can be considered 
as functions of a single quantity (I = $(t). The correct value of 
this quantity can be determined as the real root of the equation 
S($) = o  , 
where 
As all a. = z/ai can be only positive the derivative 
is also positive and the function S($) is monotonously increasing. 
Therefore the real root of the equation (5.32), we are lokking for, 
is unique and can be easily found by the Newton-Raphson method 
illustrated in Figure 1 1  and realized by the recursive formula 
Figure I I .  Newton-Raphson method. 
where $ ( k )  means t h e  k t h  approx imat ion .  T h e o r e t i c a l l y  t h e  r o o t  
i s  found a s  t h e  l i m i t  
however,  i n  p r a c t i c e  o n l y  a  few i t e r a t i o n s  a r e  f u l l y  s u f f i c i e n t  
t o  o b t a i n  t h e  r o o t  w i t h  t h e  r e q u i r e d  p r e c i s i o n  i f  t h e  s t a r t i n g  
p o i n t  $('I i s  w e l l  chosen .  Hence, t h e  q u e s t i o n  o f  s u i t a b l e  c h o i c e  
o f  t h e  i n i t i a l  approx imat ion  $ , which w e  a r e  g o i n g  t o  answer ,  
i s  of g r e a t  p r a c t i c a l  impor tance .  I n  t h i s  c o n t e x t  we s h a l l  a l s o  
f i n d  a  s u i t a b l e  mean v a l u e  a o f  a l l  a ' s  which h a s  n o t  been de- 
f i n e d  y e t .  
I n  t h e  c a s e  o f  e q u a l  a ' s ,  i . e .  f o r  a i  = Z/ai = 1 ,  V i  , t h e  
r o o t  o f  e q u a t i o n  ( 5 . 3 3 ) ,  i . e .  t h e  z e r o  p o i n t  o f  t h e  f u n c t i o n  
( 5 . 3 4 )  , c a n  be c a l c u l a t e d  e x p l i c i t l y .  
In this case, equation ( 5 . 3 3 )  reads 
and its solution is 
Substitution of a. = 1 and ( 5 . 3 8 )  into formula ( 5 . 2 9 )  gives 
which is the solution we obtained for this simple case in 
Section 4. 
The value of $ given by formula ( 5 . 3 9 )  can well serve as 
the initial approximation of the root of equation ( 5 . 3 3 )  if the 
mean value is chosen in such a way that the ratios a / a .  = ai 
are as close to one as possible. To meet this requirement we 
choose so that it minimizes the expression 
The mean value which has this property is 
The c h o i c e  o f  t h e  i n i t i a l  a p p r o x i m a t i o n  $('I a c c o r d i n g  t o  
( 5 . 3 9 )  and o f  t h e  mean v a l u e  a a c c o r d i n g  t o  ( 5 . 4 1 )  i s  n o t  neces -  
s a r i l y  t h e  b e s t  o n e  f o r  some p a r t i c u l a r  c a s e .  N e v e r t h e l e s s ,  i n -  
s p i t e  o f  i t s  s i m p l i c i t y  it appeared  t o  be f u l l y  c o n v e n i e n t .  
To comple te  t h e  n u m e r i c a l  a l g o r i t h m  o n e  l a s t  q u e s t i o n  remains  
t o  be  answered:  How i s  i t  p o s s i b l e  t o  r e c o g n i z e  t h a t  t h e  r e q u i r e d  
p r e c i s i o n  h a s  been r e a c h e d  and t h e  i t e r a t i o n  ( 5 . 3 7 )  can  be  s t o p p e d ?  
L e t  $ be t h e  t r u e  r o o t  o f  e q u a t i o n  ( 5 . 3 3 ) ,  $ ( k )  i t s  k t h  ap- 
p r o x i m a t i o n ,  f j k )  (t) t h e  k t h  a p p r o x i m a t i o n  o f  f i ( t )  and 
t h e  c o r r e s p o n d i n g  e r r o r s .  From ( 5 . 2 9 )  
A s  a l l  a i  are p o s i t i v e  a l l  e r r o r s  6 f j k )  have t h e  same s i g n .  From 
( 5 . 3 4 )  we have 
and c o n s e q u e n t l y  
1 max 6 f l k )  I - < 1 ( U i ( k )  ) 1 . 
i 
T h i s  means t h a t  i f  E i s  t h e  g r e a t e s t  a c c e p t a b l e  e r r o r  i n  t h e  c a l -  
c u l a t i o n  o f  f i ( t )  and t h e  i t e r a t i o n  ( 5 . 3 7 )  i s  s t o p p e d  when 
151 _< E , t h e n  t h e  r e q u i r e d  p r e c i s i o n  i s  g u a r a n t e e d  f o r  a l l  i. 
The n u m e r i c a l  s o l u t i o n  c a n  b e  summarized i n t o  t h e  f o l l o w i n g .  
A 1 g  o  r i t h  m PENETR: 
1 .  F o r  g i v e n  a i ,  i = 1 , 2 ,  ..., n ,  c a l c u l a t e  t h e  mean a c c o r d i n g  
t o  ( 5 . 4 1 )  and ai  f o r  a l l  i a c c o r d i n g  t o  ( 5 . 3 0 )  . 
2 .  F o r  g i v e n  c i ,  P a n d  ( t - t o )  c a l c u l a t e  B i  f o r  a l l  i a c c o r d -  
i n g  t o  ( 5 . 3 2 ) .  
( k )  3. F o r  g i v e n  f i ( t O )  = fiO c a l c u l a t e  t h e  s t a r t i n g  v a l u e  YJ , 
k = 0 ,  a c c o r d i n g  t o  ( 5 . 3 9 )  . 
4. Assuming YJ = c a l c u l a t e  t h e  m a r k e t  s h a r e s  f i  = f i  ( t )  
f o r  a l l  i a c c o r d i n g  t o  ( 5 . 2 9 ) .  
5. C a l c u l a t e  5 = 1 f i -  1 .  I f  t h e  a b s o l u t e  v a l u e  151 i s  
i = l  
less t h a n  t h e  maximum a c c e p t a b l e  e r r o r  i n  t h e  c a l c u l a t i o n  
o f  f i  s t o p  t h e  c a l c u l a t i o n .  
6 .  C a l c u l a t e  new 'Y ( k + l )  u s i n g  ( 5 . 3 7 )  t o g e t h e r  w i t h  ( 5 . 3 6 )  and  
r e p e a t  4 .  
T h i s  a l g o r i t h m  i s  r e a l i z e d  by t h e  FORTRAN s u b r o u t i n e  PENETR 
(N,C ,AL,F@,T ,F)  t h e  l i s t i n g  o f  wh ich  c a n  b e  found  i n  Appendix  C. 
A l g o r i t h m  PENETR o p e r a t e s  w i t h  2 n +  1  p a r a m e t e r s ,  namely 
c i ,  a i r  i = 1 , 2 ,  ..., n ,  and  P .  However,  a s  was shown a b o v e ,  t h e  
s o l u t i o n  f i ( t )  f o r  g i v e n  f i ( t O )  i s  u n i q u e l y  d e t e r m i n e d  o n l y  by  
2 ( n - 1 )  p a r a m e t e r s .  T h e r e f o r e  3  p a r a m e t e r s  o f  t h e  a l g o r i t h m  
PENETR a r e  r e d u n d a n t  and  c o u l d  b e  removed.  I t  i s  e a s y  t o  v e r i f y  
t h a t  t h e  same r e s u l t  i s  o b t a i n e d  i f  t h e  o r i g i n a l  p a r a m e t e r s  p ,  
a ,  c a r e  s u b s t i t u t e d  by t h e  m o d i f i e d  p a r a m e t e r s  5, 6 ,  c d e t e r -  
mined i n  t h e  f o l l o w i n g  way: 
where r i s  t h e  i n d e x  o f  an  a r b i t r a r i l y  chosen  r e f e r e n c e  compet- 
i t o r .  Of c o u r s e ,  o t h e r  m o d i f i c a t i o n s  o f  p a r a m e t e r s  a r e  a l s o  
p o s s i b l e .  
To d e m o n s t r a t e  t h e  a p p l i c a t i o n  o f  t h e  a l g o r i t h m  PENETR we 
s h a l l  g i v e  a  s i m p l e  example.  F u r t h e r  examples  w i l l  b e  g i v e n  i n  
t h e  n e x t  s e c t i o n s  where we s h a l l  d e a l  w i t h  r e a l  p r a c t i c a l  c a s e s .  
E x a m p l e  2 .  S e n s i t i v i t y  a n a l y s i s  o f  two-dimensional  com- 
p e t i t i o n  w i t h  r e s p e c t  t o  d i f f e r e n t  s p e c i f i c  i n v e s t m e n t s .  
C o n s i d e r  a  two-d imens iona l  c o m p e t i t i o n  where f 2  i s  t h e  
marke t  s h a r e  o f  t h e  new, winn ing  t e c h n o l o g y .  The e v o l u t i o n  o f  
t h e  marke t  s h a r e s  i s  d e s c r i b e d  by t h e  d i f f e r e n t i a l  e q u a t i o n  ( 5 . 1 0 )  
which f o r  n  = 2  and i = 2  r e a d s  
o r  w i t h  L I  I L 
To make t h e  a n a l y s i s  a s  g e n e r a l  a s  p o s s i b l e  l e t  u s  i n t r o -  
duce  t h e  d i m e n s i o n l e s s  t i m e  
where th i s  t h e  t i m e  p o i n t  a t  which a  h a l f  o f  t h e  m a r k e t  i s  
p e n e t r a t e d  ( i . e .  f o r  t = th o r  T = 0 ,  f l  = f 2  = 0 . 5 )  and l e t  u s  
choose  Ts i n  s u c h  a  way t h a t  
i n  a l l  c a s e s .  Obvious ly  
and f o r  T = 0  and f 2  = 0 .5  
Comparing t h e  r i g h t - h a n d  s i d e s  o f  ( 5 . 4 5 )  and ( 5 . 4 7 )  we have 
N o t i c e  t h a t  f o r  a 1 2  = 1  ( i . e .  a l  = a 2 )  Ts i s  t h e  t a k e - o v e r  
t i m e  d e f i n e d  i n  t h e  F i s h e r - P r y  model a s  t h e  t i m e  p e r i o d  r e q u i r e d  
t o  t r a n s f e r  from f 2  = 0.1 t o  f 2  = 0.9 ( s e e  S e c t i o n  2 ) .  
From ( 5 . 4 6 )  it i s  s e e n  t h a t  a f t e r  t h i s  n o r m a l i z a t i o n  t h e  
d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t h e  e v o l u t i o n  o f  market  s h a r e s  
g e t s  t h e  form 
and h a s  t o  b e  s o l v e d  f o r  t h e  i n i t i a l  c o n d i t i o n  f 2  = f l  = 0 . 5  
f o r  T = 0. For  any T ( p o s i t i v e  o r  n e g a t i v e )  t h e  s o l u t i o n  can 
be o b t a i n e d  u s i n g  t h e  s u b r o u t i n e  PENETR w i t h  t h e  f o l l o w i n g  
v a l u e s  o f  i t s  fo rmal  p a r a m e t e r s :  
The r e s u l t  of t h i s  c a l c u l a t i o n  i s  g i v e n  i n  F i g u r e s  12 and 13.  
From F i g u r e  13 it can be s e e n  t h a t  w i t h i n  t h e  t a k e - o v e r  
t i m e  t h e  p l o t  Rn ( £ * / ( I  - f 2 )  ) can  w e l l  b e  approx imated  by a  
s t r a i g h t  l i n e  f o r  a  r a t h e r  l a r g e  range  o f  r a t i o s  a 1 2  - a l  / a 2  - 
T h i s  e x p l a i n s  why t h e  e m p i r i c a l  F i s h e r - P r y  model i s  a b l e  t o  
d e s c r i b e  s o  many p r a c t i c a l  c a s e s  even  when t h e  s p e c i f i c  i n -  
v e s t m e n t s  a r e  d i f f e r e n t .  I t  a l s o  conforms w i t h  t h e  obse rva-  
t i o n  o f  C. M a r c h e t t i  t h a t  t h e  p a r a m e t e r  c 2 1  o f  t h e  F i s h e r - P r y  
model can  be d e t e r m i n e d  from t h e  p r e s e n t  t r e n d  o f  t h e  marke t  
p e n e t r a t i o n  i f  t h e  new t e c h n o l o g y  r e a c h e s  a  n o n n e g l i g i b l e  p a r t  
o f  t h e  m a r k e t ,  s a y  a p p r o x i m a t e l y  1 0 % .  
Figure 12. Two-dimensional comprtition. Sensitivity analysis 
with respect t o  different specific investments: 
a l / a 2  = 1 / 2 . 2 / 3 .  314, 1 . 4 / 3 .  312, 2 .  
Figurr 13. Two-dimensional comprtition. Srr~sitivity analys~s 
with resptsct t o  different sprcif~c investments: 
c ~ ~ / c ~ ~  = 1/2.2/3.3/4,1.4/3.3/2.2.  
6 .  PROBABILISTIC MODEL AND ESTIMATION OF PARAMETERS FROM 
HISTORICAL DATA 
To b e  a b l e  t o  u s e  t h e  model d e v e l o p e d  i n  t h e  p r e v i o u s  s e c -  
t i o n  f o r  f o r e c a s t i n g  t h e  f u t u r e  c o u r s e  o f  t h e  s u b s t i t u t i o n  
p r o c e s s  we h a v e  t o  know t h e  v a l u e s  o f  i t s  p a r a m e t e r s .  I n  p r i n -  
c i p l e ,  t h e r e  a r e  two ways o f  o b t a i n i n g  t h e s e  v a l u e s :  ( a )  t h e  
economic  e v a l u a t i o n  o f  t h e  t e c h n o l o g i e s  e n t e r i n g  t h e  p r o c e s s ,  
( b )  t h e  e s t i m a t i o n  o f  t h e  p a r a m e t e r s  f rom known h i s t o r i c a l  d a t a  
Each o f  t h e s e  two p o s s i b i l i t i e s  h a s  i t s  a d v a n t a g e s  and draw- 
b a c k s .  
I n  some c a s e s  it may b e  v e r y  d i f f i c u l t  t o  d e t e r m i n e  t h e  
model  p a r a m e t e r s  u s i n g  t h e  f o r m e r  a p p r o a c h .  F o r  i n s t a n c e :  How 
t o  c a l c u l a t e  t h e  c o r r e c t i o n  Api (see S e c t i o n  4 f o r  d e f i n i t i o n )  
by  wh ich  t h e  s p e c i f i c  p r o d u c t i o n  c o s t s  ci have  t o  b e  r e d u c e d  i n  
t h e  c a s e  when t h e  compe t ing  commodi t i e s  s a t i s f y  t h e  g i v e n  n e e d  
i n  a  q u a l i t a t i v e l y  d i f f e r e n t  way? Or ,  what  i s  t h e  p r e c i s e  mean- 
i n g  o f  t h e  s p e c i f i c  i n v e s t m e n t  a .  i n  t h e  c a s e  o f  wood a s  p r i m a r y  
e n e r g y  s o u r c e  and how t h i s  v a l u e  c a n  b e  c a l c u l a t e d ?  However,  
t h e r e  i s  no o t h e r  way o f  p r o c e e d i n g  when t h e  s u b s t i t u t i o n  p ro -  
cess h a s  n o t  s t a r t e d  y e t  and n o  h i s t o r i c a l  d a t a  a r e  a v a i l a b l e .  
A l l  w h a t  we c a n  p r a c t i c a l l y  d o  i n  t h i s  c a s e  i s  t o  p i c k  up o n e  
o r  more se ts  of  p o s s i b l e  v a l u e s  o f  model p a r a m e t e r s  a c c o r d i n g  
t o  o n r  s u b j e c t i v e  judgment  and  t o  a p p l y  t h e  model f o r  t h e s e  
s c e n a r i o s .  
I f  t h e  s u b s t i t u t i o n  p r o c e s s  s t u d i e d  i s  a l r e a d y  r u n n i n g  i n  
r e a l i t y  and  i t s  o b s e r v a t i o n  i n  t h e  p a s t  i s  a v a i l a b l e ,  t h e n  t h e  
p a r a m e t e r s - - w h a t e v e r  t h e i r  i n t e r p r e t a t i o n  i s  -- c a n  b e  e s t i m a t e d  
on t h e  b a s i s  o f  t h i s  p a s t  e x p e r i e n c e .  How t o  e x t r a c t  t h e  i n f o r - .  
m a t i o n  a b o u t  t h e  unknown p a r a m e t e r s  f rom t h e  h i s t o r i c a l  d a t a  i s  
t h e  main q u e s t i o n  wh ich  w i l l  b e  s t u d i e d  i n  t h i s  s e c t i o n .  
A  w i d e l y  u s e d  a p p r o a c h  t o  p a r a m e t e r  e s t i m a t i o n  i s  t h e  s o -  
c a l l e d  c u r v e  f i t t i n g .  The p a r a m e t e r s  o f  t h e  model  a r e  c h o s e n  i n  
s u c h  a  way t h a t  t h e  o u t p u t  o f  t h e  model i s  a s  c l o s e  a s  p o s s i b l e  
t o  t h e  known t r u e  d a t a .  When we t r y  t o  f o r m a l i z e  t h i s  a d  h o c  
approach mathematically several questions arise. The first one 
is: What curves have to be fitted? In our case we have many 
possibilities, for instance, 
f (t) fi (t) 
fi(t), i ;  or Ln i or Ln- ~ i ,  j + i. 1 -fi(t) ' fj (t) ' 
Which one of these (or other) possibilities has to be chosen to 
obtain the "most reliable" estimates? 
A sound, intuitive, feeling says that the more data can be 
used the better estimates of the model parameters can be obtained. 
However, if the number of data is greater than the number of un- 
known parameters, a perfect fit can never be reached in general 
and the second question arises naturally: What significance has 
to be assigned to different errors and how to express it quanti- 
tatively? 
To be able to answer these and similar questions in a con- 
sistent way we have to go deeper into the stochastic nature of 
the process and to build a probabilistic model. 
To make this text accessible also to those readers who are 
not specialists in probability theory, we shall concentrate 
our exposition mainly on the underlying "philosophy" and practic- 
al results. The technical details of a mathematical character, 
which are not necessary for general understanding, will be stated 
in the main text without formal proofs. Full proofs (some of 
them are far from trivial) can be found in Appendix A. 
Our approach to estimation and forecasting adopted through- 
out the rest of this paper is purely Bayesian. The substitution 
process we are studying is nonstationary in its nature: the sit- 
uation which occurred in the past can never be repeated in the 
future. The set of historical data we have at our disposal, is 
one realization of one nonstationary stochastic process. There- 
fore the concept of probability cannot be based on frequency con- 
siderations. In the Bayesian view the probability is understood 
as a measure of belief and the probability distribution reflects 
t h e  u n c e r t a i n t y  o f  t h e  r e l a t i o n s h i p  between u s  (you o r  t h e  
a u t h o r )  and t h e  e x t e r n a l  wor ld .  I n  g e n e r a l ,  d i f f e r e n t  p e o p l e  
may have d i f f e r e n t  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  t h e  same phe- 
nomenon depend ing  on t h e  i n f o r m a t i o n  o r  knowledge t h e y  have .  
Because o f  t h i s  s u b j e c t i v e  f e a t u r e  one o f t e n  s p e a k s  o f  t h e  sub-  
j e c t i v e  p r o b a b i l i t y  approach .  However, t o  a v o i d  m i s u n d e r s t a n d -  
i n g  it s h o u l d  be s t r e s s e d  r i g h t  a t  t h e  b e g i n n i n g  t h a t  u s i n g  
t h i s  approach  it i s  p o s s i b l e  t o  e l i m i n a t e  t h e  p r i o r  s u b j e c t i v e  
o p i n i o n  a b o u t  t h e  p o s s i b l e  v a l u e s  o f  unknown q u a n t i t i e s  and t o  
b a s e  o u r  judgment o n l y  on o b j e c t i v e  d a t a .  T h i s  w i l l  be shown 
i n  d e t a i l  l a t e r  on. 
The m a t h e m a t i c a l  sys tem t h a t  i s  c a l l e d  Bayes ian  s t a t i s t i c s ,  
compared t o  o t h e r  a p p r o a c h e s  t o  s t a t i s t i c s ,  i s  t h e  o n l y  one  
which i s  f u l l y  c o n s i s t e n t  and l o g i c a l l y  c l o s e d .  B e s i d e s  t h i s  
m a t h e m a t i c a l  b e a u t y  two p r a g m a t i c  arguments  speak  i n  i t s  f a v o r .  
I t  is  based  on sound p r i n c i p l e s  and works i n  p r a c t i c e ,  a s  we 
s h a l l  b e  a b l e  t o  show. An e x c e l l e n t  e x p l a n a t i o n  o f  t h e  l o g i c a l  
f o u n d a t i o n  o f  t h e  p r o b a b i l i t y  t h e o r y  w i t h  t h e  i n t e r p r e t a t i o n  
o u t l i n e d  above h a s  been g i v e n  by De F i n e t t i  [ 1 3 1 .  Very good 
t e x t b o o k s  a r e  De G r o o t ' s  [ 1 4 ]  and R a i f f a  and S c h l a i f e r ' s  1151.  
To t h o s e  r e a d e r s  who a r e  n o t  f a m i l i a r  w i t h  t h e  p r e s e n t  s t a t e  
of m a t h e m a t i c a l  s t a t i s t i c s ,  it may seem t h a t  we d e v o t e  t o o  
much s p a c e  t o  t h e  j u s t i f i c a t i o n  o f  t h e  Bayes ian  approach .  They 
a r e  recommended t o  r e a d  a  s h o r t  b u t  p i t h y  t a l k  g i v e n  by L i n d l e y  
a t  t h e  c o n f e r e n c e  on D i r e c t i o n s  f o r  Mathemat ica l  S t a t i s t i c s  
[ 1 6 1 .  
The Bayes ian  p o s i t i o n ,  from which e s s e n t i a l l y  e v e r y t h i n g  
f o l l o w s ,  i s  t h a t  a l l  u n c e r t a i n  q u a n t i t i e s  -- i n c l u d i n g  t h e  un- 
known p a r a m e t e r s - - a r e ,  b e f o r e  t h e y  a r e  o b s e r v e d ,  random: t h a t  
i s ,  have a  p r o b a b i l i t y  s t r u c t u r e  and a  p r o b a b i l i t y  d i s t r i b u t i o n  
can be a s s i g n e d  t o  them. T h i s  i s ,  a c t u a l l y ,  no assumpt ion ;  i t  
can  be p roved  on t h e  b a s i s  o f  a  few s i m p l e  and n a t u r a l  axioms.  
The a c t  o f  o b s e r v a t i o n  changes  t h e  s t a t u s  o f  t h e  q u a n t i t y  ob- 
s e r v e d  f rom a  random q u a n t i t y  t o  a  number. I f  t h e  q u a n t i t i e s  
we a r e  i n t e r e s t e d  i n ,  l i k e  p a r a m e t e r s  o f  o u r  model,  c a n n o t  be  
observed directly but only through other related quantities, 
like the output of the model, they remain uncertain also after 
this observation; however, their probability distribution is 
changed-- their uncertainty is decreased. From this Bayesian 
point of view the parameter estimation means finding the prob- 
ability distribution for the unknown parameters conditional on 
the observed data. Any single value, which is taken as an 
"estimate" is nothing more than some characteristic of this 
conditional distribution. ~t may be, for instance, the point 
at which the probability density reaches its maximum. 
To be able to solve our practical problem only a few basic 
rules of the general probability theory have to be recalled. 
Let a,b,c, ... be random quantities or sets of such quantities 
and let p(alb) denote the probability density of a conditional 
on b. Then the following relations hold: 
where the integral in (6.2) is taken over all possible values of 
b. When (6.1) holds, the following relation must also hold: 
From (6.3) 
and using (6.1 ) and (6.2) we have 
This is the famous Bayes rule which makes it possible to deter- 
mine p(bla,c) when p(a(b,c) and p(blc) are known. 
A successive application of (6.1 ) gives an other useful 
tool sometimes called the chain rule for probability densities. 
Later on we shall also need the rule according to which 
the probability density p(xl,x2, ..., xn) can be recalculated into 
the probability density p(yl,y2, ...,y ) when the random quanti- 
n 
ties {xl,x 2,...,~n] and {y1,y2, ...,y are related by a regular 
(one-to-one) deterministic transformation. Let 
then 
where IJI means the absolute value of the determinant J (Jacobian) 
of the transformation (6.6) . 
Now, let us go closer to our estimation problem using these 
methodological tools. 
Let K be the finite set of unknown parameters we would like 
to know and let D be the set of data we have at our disposal. 
Then the probability distribution we are interested in is  KID). 
Let v be the dimension of K (the number of unknown parameters) 
and S: be the space of all possible values of K which have to be 
considered. Applying the Bayes rule (6.4) we have 
where p (K) is the prior (subjective) probability density which 
we-- as users of this tool-- have to assign to the unknown param- 
eters before the observed data are incorporated into our knowledge. 
The probability density of the set of the observed quantities D 
given the parameters K has to be known. This is one of the 
reasons for which we have to build the probabilistic model of 
the process. We shall come to this point after this general in- 
troduction where we want to explain the basic philosophy of 
Bayesian estimation. 
The operation (6.9) can be understood as the correction of 
our prior subjective probability distribution for K by objective 
data. A classical objection to this Bayesian estimation is that 
when the prior distribution p(K) is wrong in the sense that it 
prefers other than true values of K, then the resulting  KID) 
is incorrect or at least biased. This objection is fully justi- 
fied but should be oriented not against the Bayesian statistics 
but against the user. Mathematics provides us with a logical 
and consistent system of reasoning but it cannot correct our 
mistakes. The prior distribution p(K) is a model of our prior 
uncertainty. Like any other mathematical model, for mathematics 
it is an input. If the input is wrong the output is also wrong 
in general. The system of axioms, on which mathematics operates, 
and mathematical models are the only connection between mathemat- 
ics and the true world. 
If the reader accepts this explanation he has the right to 
ask the following question: How should we choose the model p(K) 
t o  be  s u r e  t h a t  no s u b j e c t i v e  m i s t a k e  i s  i n t r o d u c e d  i n t o  t h e  c a l -  
c u l a t i o n ?  
The a u t h o r  d o e s  n o t  know any p r a c t i c a l  s i t u a t i o n  when ab- 
s o l u t e l y  no p r i o r  i n f o r m a t i o n  i s  a v a i l a b l e .  For  i n s t a n c e ,  i n  
o u r  c a s e  o f  market  p e n e t r a t i o n  t h e  p a r a m e t e r  a i r  means t h e  r a t i o  
of  s p e c i f i c  i n v e s t m e n t s ,  a  = cii/cir,  and t h e r e f o r e  c a n n o t  be i r 
n e g a t i v e .  But we a l s o  a  p r i o r i  know t h a t  i t  cannot  be  l a r g e r  
t h a n  s a y  1012 .  S i m i l a r l y ,  we can  assume w i t h  c e r t a i n t y  t h a t  t h e  
p a r a m e t e r  c i r  l i e s  w i t h i n  t h e  i n t e r v a l  - l o 3 '  < c .  < l o 3 ' .  I n  p rac -  
1 r 
t i c e  we c a n  choose any p r i o r  d i s t r i b u t i o n  p ( K )  which is  v e r y w f l a t " ,  
b u t  i f  we want t o  be e x t r e m e l y  " o b j e c t i v e "  we may choose  t h e  
u n i f o r m  d i s t r i b u t i o n  
v 
P ( K )  = E f o r  K € S K  
where 
I n  t h a t  c a s e  ( 6 . 6 )  g i v e s  
v S t r i c t l y  s p e a k i n g ,  t h e  s p a c e  SK c a n  be  a s  l a r g e  a s  we want b u t  
f i n i t e .  It i s  n o t  p o s s i b l e  t o  d i s t r i b u t e  u n i f o r m l y  one u n i t  ( o f  
o u r  b e l i e f )  on an i n f i n i t e  c o u n t a b l e  s e t  o f  i n t e r v a l s .  I f  S: i s  
growing t o  i n f i n i t y  t h e n  E,  d e f i n e d  by ( 6 . 1 0 ) ,  t e n d s  t o  z e r o  and 
t h e  r i g h t - h a n d  s i d e  o f  ( 6 . 9 )  becomes unde te rmined .  
For  t e c h n i c a l  r e a s o n s  it i s  u s u a l l y  much more c o n v e n i e n t  t o  
o p e r a t e  w i t h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  which a r e  d e f i n e d  by 
v 
a  un ique  fo rmula  on t h e  whole e u c l i d e a n  s p a c e  R r a t h e r  t h a n  on 
v v i t s  s u b s e t  S K C  R , l i k e  ( 6 . 1 1 ) .  ( T h i s  i s  a c t u a l l y  t h e  r e a s o n  
why t h e  normal d i s t r i b u t i o n  i s  s o  w i d e l y  used  a l s o  i n  c a s e s  
when it i s  known t h a t  t h e  random q u a n t i t y  may l i e  o n l y  w i t h i n  a  
f i n i t e  i n t e r v a l . )  T h i s  s i t u a t i o n  c a n  be r e a c h e d  a l s o  f o r  t h e  
c o n d i t i o n a l  d i s t r i b u t i o n  ( 6 . 1 1 )  i f  t h e  i n t e g r a l  
e x i s t s .  Under t h i s  c o n d i t i o n  (6 .11)  can  be  w r i t t e n  
and f o r  S; + RV we o b t a i n  t h e  s i m p l e  r e l a t i o n  
 KID) = 1- 
K ( D l  P ( D I K )  r ( 6 . 1 2 )  
- 1 
which h o l d s  f o r  a l l  K E  RV and where K ( D )  i s  t h e  n o r m a l i z i n g  
f a c t o r  
which d o e s  n o t  depend on t h e  unknown p a r a m e t e r s  K .  
The p r o b a b i l i t y  d e n s i t y  ~ ( D I K ) ,  c o n s i d e r e d - -  f o r  g i v e n  d a t a  
D - -  a s  a  f u n c t i o n  of  unknown p a r a m e t e r s  K ,  i s  c a l l e d  t h e  l i k e l i -  
-- 
hood f u n c t i o n  
I f  we a r e  i n t e r e s t e d  i n  t h e  p o i n t  i n  which t h e  p r o b a b i l i t y  
d e n s i t y  p ( ~ I ~ )  r e a c h e s  i t s  maximum we have t o  f i n d  such  a  set o f  
p o s s i b l e  v a l u e s  o f  unknown p a r a m e t e r s  k f o r  which 
The p o i n t  i i s  c a l l e d  t h e  maximum l i k e l i h o o d  (ML) e s t i m a t e .  
A A ,. 
When K i s  e x p r e s s e d  a s  a  f u n c t i o n  o f  o b s e r v e d  d a t a  D l  K = K ( D ) ,  
t h e n  one s p e a k s  a b o u t  a  maximum l i k e l i h o o d  (MI,) e s t i m a t o r .  
A c l a s s i c a l  (non-Bayesian)  s t a t i s t i c i a n  may s a y  t h a t  t h i s  
r e s u l t  is n o t h i n g  e l s e  t h a n  t h e  well-known and nowadays a l m o s t  
g e n e r a l l y  a c c e p t e d  method o f  p a r a m e t e r  e s t i m a t i o n  i n  non-Bayesian 
( " o b j e c t i v e " )  s t a t i s t i c s .  He i s  r i g h t - - f o r m a l l y  . There  i s  a  
g r e a t  d i f f e r e n c e  n o t  o n l y  i n  u n d e r s t a n d i n g  and i n t e r p r e t a t i o n  
o f  t h i s  r e s u l t ,  b u t  a l s o  i n  p r a c t i c a l  a p p l i c a t i o n :  ( a )  The 
maximum l i k e l i h o o d  method c a n n o t  be  d e r i v e d  w i t h i n  non-Bayesian 
s t a t i s t i c s .  It c a n  be  o n l y  p r o p o s e d - -  a s  a n  i n d u c t i v e  s t e p  o f  
r e a s o n i n g  ( o p p o s i t e  t o  l o g i c a l l y  d e d u c t i v e )  - - a n d  i t s  p r o p e r t i e s  
can  be i n v e s t i g a t e d  e x  p o s t .  ( b )  A l l  g e n e r a l  r e s u l t s  c o n c e r n i n g  
t h e  p r o p e r t i e s  o f  ML e s t i m a t e s ,  known i non-Bayesian s t a t i s t i c s ,  
a r e  o f  a s y m p t o t i c  c h a r a c t e r ,  i . e .  t h e y  app ly  f o r  a  ;.arye number 
o f  samples  which a r e  i n d e p e n d e n t l y  drawn from t h e  same d i s t r i b u -  
t i o n .  Accep t ing  t h e  Bayesian p o i n t  o f  v iew we know p r e c i s e l y  
what we a r e  d o i n g  f o r  any sample  s i z e .  ( c )  The c h o i c e  o f  one 
p o i n t  from t h e  whole d i s t r i b u t i o n  (6 .12)  i s ,  i n  f a c t ,  a  d e c i s i o n  
problem and a s  such  h a s  t o  be hand led .  Depending on t h e  f i n a l  
g o a l s  we a r e  p u r s u i n g ,  some o t h e r  p o i n t s  may be  more s u i t a b l e  
t h a n  t h e  maximum o f  t h e  p r o b a b i l i t y  d e n s i t y .  ( d )  I n  many c a s e s  
-- l i k e  f o r e c a s t i n g - - w e  a r e  a c t u a l l y  n o t  i n t e r e s t e d  i n  p o i n t  
e s t i m a t e s .  P a r a m e t e r  e s t i m a t i o n  is  u s u a l l y  o n l y  o n e  s t e p  
i n  t h e  s o l u t i o n  o f  t h e  whole problem. I n  s u c h  c a s e s  it i s  pos- 
s i b l e - -  and i n  g e n e r a l  a l s o  n e c e s s a r y - - t o  c o n s i d e r  a l l  p o s s i b l e  
v a l u e s  o f  t h e  p a r a m e t e r s ,  i . e .  t o  o p e r a t e  w i t h  t h e  whole d i s t r i -  
b u t i o n .  T h i s  w i l l  be  c l e a r l y  s e e n  i n  t h e  n e x t  s e c t i o n  where w e  
s h a l l  d e a l  w i t h  f o r e c a s t i n g .  
L e t  us  now r e c o n s i d e r  t h e  q u e s t i o n  which a r i s e d  a t  t h e  be-  
g i n n i n g  o f  t h i s  s e c t i o n  i n  c o n n e c t i o n  w i t h  c u r v e  f i t t i n g ,  namely 
"What curves have to be fitted?", and let us show that it is 
irrelevant. The question is equivalent to the question whether 
the parameter estimation is influenced by regular (one-to-one) 
transformation of the data set used. Let D be the data set ob- 
tained from the original one D by a regular transformation 
and let 
Then, according to (6.7), the conditional probability density 
for the new data set 6 given K is 
where J(D) is the Jacobian 
The transformation (6.113)~ and consequently also the Jacobian 
(6.18) cannot depend on the unknown parameters, otherwise, not 
knowing the parameters, we would not be able to recalculate the 
data and use them as input for our estimation problem. Using 
- 
(6.17) and (6.12) , for D instead of D, we obtain 
which proves that not only the ML estimates but the entire prob- 
ability distribution for K is invariant with respect to one-to- 
one transformation of the data set D. 
It is also possible to show that the ML estimates are in- 
variant with respect to one-to-one transformation of unknown 
parameters K, i. e. that 
To p r o c e e d  towards  o u r  p r a c t i c a l  problem we have  t o  show 
how t h e  p r o b a b i l i t y  d e n s i t y  p ( D ( K )  can be c a l c u l a t e d  and what 
we mean by a  p r o b a b i l i s t i c  model.  The p r o c e s s e s  we a r e  go ing  
t o  c o n s i d e r  a r e  t ime  o r i e n t e d .  Every o b s e r v a t i o n  we c a n  make 
i s  r e l a t e d  t o  some t i m e  p o i n t  o r  t i m e  i n t e r v a l .  I f  we want t o  
d e s c r i b e  and a n a l y z e  t h e  r e l a t i o n s  between t h e s e  q u a n t i t i e s  w e  
have t o  d i s t i n g u i s h  them; w e  have t o  s p e c i f y  t h e  s e t  D i n  more 
d e t a i l .  L e t  y  be  t h e  q u a n t i t y ,  i n  g e n e r a l  a  v e c t o r ,  which ( k )  
c a n  b e  o b s e r v e d  a t  t i m e  tk. W e  s h a l l  c a l l  y  t h e  o u t p u t  o f  ( k )  
t h e  p r o c e s s  a t  t i m e  tk. L e t  u s  o r d e r  t h e  t i m e  i n d e x i n g  i n  
such  a  way t h a t  tk-l < tk < tk+l ,  i . e .  t h e  o u t p u t  y  (k-1)  p r e -  
c e d e s  t h e  o u t p u t  y  ( k )  ' Let Y(1)  be  t h e  f i r s t  and y  ( N )  t h e  l a s t  
o u t p u t  t h e  o b s e r v a t i o n s  o f  which a r e  a v a i l a b l e .  To s i m p l i f y  t h e  
w r i t i n g  we s h a l l  i n t r o d u c e  t h e  f o l l o w i n g  n o t a t i o n  f o r  sets o f  
o u t p u t s  
For  j < i t h e  set ( 6 . 2 0 )  i s  empty. With t h i s  n o t a t i o n  t h e  d a t a  
s e t  D i s  
and t h e  p r o b a b i l i t y  d e n s i t y  which h a s  t o  be  known i s  
Using t h e  c h a i n  r u l e  ( 6 . 5 )  w e  can  expand t h i s  d e n s i t y  i n  t h e  
f o l l o w i n g  way 
To keep  t h e  c o n t a c t  w i t h  r e a l i t y  we have t o  u n d e r s t a n d  what t h e  
p a r t i c u l a r  f a c t o r  i n  t h i s  p r o d u c t ,  namely 
p h y s i c a l l y  means. The p r o b a b i l i t y  d e n s i t y  (6 .22)  d e s c r i b e s  t h e  
p r o b a b i l i s t i c  t r a n s f o r m a t i o n  between t h e  p a s t  h i s t o r y  o f  t h e  
p r o c e s s  y  ( k - l )  and t h e  n e x t  o u t p u t  y  ( 1 )  ( k )  ' It i s  t h e  p r o b a b i l i s t i c  
law of  t h e  e v o l u t i o n  o f  t h e  p r o c e s s .  N o t i c e  t h a t  t h e  sys tem 
i s  t h e  most g e n e r a l  d e s c r i p t i o n  o f  t h e  p r o c e s s  from t h e  v i e w p o i n t  
o f  t h e  o u t e r  o b s e r v e r  t h a t  makes it p o s s i b l e  t o  d e t e r m i n e  ( u s i n g  
two b a s i c  r u l e s  ( 6 . 1 )  and ( 6 . 2 ) )  any f i n i t e  d i m e n s i o n a l  p r o b a b i -  
l i t y  d e n s i t y  f o r  any combina t ion  o f  q u a n t i t i e s  which c a n  be  ob- 
s e r v e d  on t h e  p r o c e s s .  K i s  t h e  f i n i t e  s e t  o f  p a r a m e t e r s  which 
a r e  unknown i n  t h i s  sys tem o f  f u n c t i o n s .  
By a  p r o b a b i l i s t i c  model o f  t h e  p r o c e s s  we mean any mathe- 
m a t i c a l  d e s c r i p t i o n  o f  t h e  p r o c e s s  which d e f i n e s  t h e  c o n d i t i o n a l  
p r o b a b i l i t y  d e n s i t y  (6 .22)  f o r  any k  up t o  a  f i n i t e  s e t  o f  param- 
e t e r s  K .  I n  t h e  s e q u e l  we s h a l l  d e v e l o p  such  a  model f o r  o u r  
c a s e  o f  marke t  p e n e t r a t i o n  by new t e c h n o l o g i e s .  
6 .1  P r o b a b i l i s t i c  Model 
Approaching any p r a c t i c a l  m o d e l l i n g  problem we have t o  
s p e c i f y ,  f i r s t  o f  a l l ,  t o  what g o a l  t h e  model h a s  t o  s e r v e .  I n  
o u r  c a s e  t h i s  g o a l  i s :  ( 1 )  t o  e x p l a i n  and t o  i d e n t i f y ,  i . e .  t o  
d e s c r i b e  q u a n t i t a t i v e l y ,  t h e  p a s t  e v o l u t i o n  o f  marke t  s h a r e s  
f i ( t ) ,  i = 1 , 2 ,  ..., n ;  ( 2 )  t o  f o r e c a s t  t h e  f u t u r e  e v o l u t i o n  o f  
marke t  s h a r e s .  
The second  q u e s t i o n  which must be  c l e a r e d  i s :  What d a t a  a r e  
a v a i l a b l e  t o  i d e n t i f y  t h e  p r o c e s s ?  I n  t h i s  s t u d y  we s h a l l  assume 
t h a t  o n l y  t h e  market  s h a r e s  a t  d i s c r e t e  t i m e  p o i n t s  ( n o t  n e c e s -  
s a r i l y  e q u a l l y  s p a c e d )  a r e  a v a i l a b l e .  
The marke t  s h a r e s  f u l f i l l  t h e  d e t e r m i n i s t i c  r e l a t i o n  
n  
and therefore one of them, say 
can be omitted in the probabilistic model. When fi (tk) , 'v' i 9 r , 
are known, the value f, (t ) does not bring any new information k 
and when we are able to forecast f (t) , 'v' i + r, we are also able 
to forecast f, (t) . Hence, the output of the process, we are 
studying, is the (n-1)-dimensional vector 
In algebraic expressions y(k) will mean a column vector the (n-1) 
components of which are ordered in an arbitrary but fixed way. 
Our modelling effort is to find the conditional probability 
density 
As we cannot assume the prior knowledge of any parameter of this 
distribution, K will be the set of all parameters. This means 
that we have -- on the basis of sound and realistic assumptions -- 
to find only the structure of this function. Pursuing this aim 
we shall start again with the equation (3.1) 
ai [Pi (t+At) - P .  (t) ] = Pi(t) [p(t) - ci1dt + Qi(t,At) + Ai(t,At) 
which formed the basis of our deterministic model. However, 
building the probabilistic model we have to consider also the 
stochastic terms. The equation (6.27) can be rewritten as 
follows : 
{aipi (t) - Pi (t) [p (t) - ci] - 6q. (t) }dt = 0 , 
t 
where  6 q . ( t )  now means a  s t o c h a s t i c  p r o c e s s  f o r  wh ich  
From ( 6 . 2 8 )  t h e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a t i o n  o b t a i n e d  i s :  
W e  s h a l l  a g a i n  assume t h a t  6 q i ( t )  i s  z e r o  b u t  o n l y  i n  t h e  mean. 
Assumpt ion 1  
T h i s  means t h a t  w e  a d m i t  s t o c h a s t i c  f l u c t u a t i o n s  a r o u n d  z e r o  
b o t h  f o r  t h e  e x t e r n a l  c a p i t a l  f l o w  and  f o r  t h e  c a p i t a l  r e s e r v e s .  
N o t i c e  t h a t  t h e  p r o c e s s  6 q i ( t )  i s  n o t  n e c e s s a r i l y  w h i t e  ( a c t u a l l y  
n o  r e a l  c o n t i n u o u s  p r o c e s s  c a n  b e  w h i t e ) .  A l l  t h a t  we c l a i m  
u n t i l  now i s  ( 6 . 2 9 )  and  ( 6 . 3 1 ) .  
I t  i s  n o t  u n r e a l i s t i c  t o  assume t h a t  t h e  s t a n d a r d  d e v i a t i o n  
o f  t h e  s t o c h a s t i c  f l u c t u a t i o n s  6 q i ( t )  a r o u n d  t h e  z e r o  mean v a l u e  
i s  p r o p o r t i o n a l  t o  t h e  i n s t a n t a n e o u s  p r o d u c t i o n  Pi ( t )  . As Pi ( t )  
c a n  b e  o n l y  p o s i t i v e  we c a n  w r i t e  
q i ( t )  = P i ( t )  6ci ( t )  . ( 6 . 3 2 )  
T h i s  t r a n s f o r m a t i o n  o f  t h e  s t o c h a s t i c  p r o c e s s  q i ( t )  seems t o  b e  
r e a s o n a b l e  e x c e p t  a t  t h e  v e r y  b e g i n n i n g  when P . ( t )  i s  c l o s e  t o  
z e r o  a n d  t h e  new t e c h n o l o g y  n e e d s  some e x t e r n a l  c a p i t a l  i n p u t  t o  
b e  a b l e  t o  s t a r t  t h e  p r o d u c t i o n .  The a s s u m p t i o n  we a r e  d i s c u s s i n g  
i s  o n l y  a  p a r t  o f  a n  a s s u m p t i o n  which  w i l l  b e  made l a t e r  o n  i n  a  
more f o r m a l  and  p r e c i s e  way. 
S u b s t i t u t i o n  o f  ( 6 . 3 2 )  i n t o  ( 6 . 3 0 )  g i v e s  
Notice also that stochastic fluctuations of ci can be incorpo- 
rated into 6ci(t). This is, actually, the reason for the nota- 
tion used. 
The market price p(t) can be eliminated in a similar way 
as in the deterministic case in Section 5 if the following 
assumption is accepted. 
Assumption 2 
= p + ,p,t) 
p (t) 
EGp(t) = 0 , 
where p is the growth rate of the total production P(t) of all 
competing technologies and 6p(t) is the stochastic fluctuation 
around the constant p. Similarly to (5.2) we have 
and the following stochastic analogy of (5.4) is obtained. 
where a . and c are the parameters, defined by (5.11) and 
r 1 r i 
(5.12), and 
Integration of the equation (6.36) over the time interval 
(tk- tk)  g i v e s  
Rnf - Rnf (k) i (k-1) i - ari (Rnf (k) r - Rnf (k-l)r) - cri( tk-\- l)  = e(k)ri ,(6.38) 
whe re  
As t h e  mean v a l u e  o f  Geri(t) i s  z e r o  f o r  any  t t h e  i n t e g r a l  
( 6 . 4 0 )  a l s o  h a s  t h i s  p r o p e r t y .  
Ee ( k )  r i  = O f  V k l i  . ( 6 . 4 1 )  
L e t  u s  i n t r o d u c e  t h e  f o l l o w i n g  n o t a t i o n  f o r  t h e  column 
v e c t o r  o f  a l l  e ( k )  ri I 4: r .  
I n  c o r r e s p o n d e n c e  w i t h  ( 6 . 2 5 )  and  ( 6 . 2 4 )  we a l s o  h a v e  
F o r  l a t e r  u s e  w e  s h a l l  a l s o  i n t r o d u c e  t h e  ( n - I )  - v e c t o r s  o f  
p a r a m e t e r s  
For given parameters a, c and given y the equation (1 
(6.38) together with (6.44) define a deterministic transforma- 
tion between the stochastic processes {y : k =  2,3, . . . I  and (k) 
{e(k) : k =  2,3,. . . i . This means that if we are able to find 
a suitable conditional probability distribution p(e (k-1) (k) Je(2) I 
Y(~),K) we shall also be able to find the density p(y (k) I 
Y(~-'),K) we are looking for. This is the line we shall follow (1) 
now. 
If the sampling interval (tk-tk-,) is large enough it is 
realistic to assume that the random variable e is independent (k) 
of the previous ones e(k-l) and also of y (2) (1)' 
Assumption 3 
This assumption means that the knowledge of e (k-1) (2) and Y ( ~ )  (or 
equivalently the knowledge of y i!;') cannot bring any information 
. . 
about the possible value of e (k) ' Because of the deterministic 
relation between y (k-l ) and e (k-l ) (for given y and parameters) (2) (2 1 (1) 
the conditional part of (6.47) can be modified as follows. 
As shown in Appendix A (Theorem 1) the transformation between 
e (k) and y for given y (k) (k-l) and for positive ari, vi , is 
one-to-one with the Jacobian 
+ 
(e (k) ) 
a f (k)r ifr ri (k)i 
J = - 
eY n (6.49) 
'(Y (k)) 
'(k)i i= 1 
Hence, according to (6.7), we have 
T h i s  shows t h a t  a l l  t h a t  r e m a i n s  t o  b e  found  i s  a  s u i t a b l e  
s t r u c t u r e  o f  t h e  p r o b a b i l i t y  d e n s i t y  p ( e  ( K )  w i t h  a  minimum ( k )  
number o f  unknown p a r a m e t e r s .  
W e  have  n o  r e a s o n s  t o  p r e f e r  p o s i t i v e  o r  n e g a t i v e  v a l u e s  
o f  t h e  random v a r i a b l e  e ( k ) .  I t  means t h a t  t h e  d e n s i t y  p ( e  ( k )  I K ,  
h a s  t o  be  symmet r i c .  From t h e  l e f t - h a n d  s i d e  o f  ( 6 . 3 8 )  it c a n  
be  s e e n  t h a t  t h e  d e n s i t y  s h o u l d  b e  d e f i n e d  o v e r  t h e  who le  r a n g e  
Rn- I 
o f  p o s s i b l e  v a l u e s  ( k )  - T h e s e  r e q u i r e m e n t s  a r e  f u l f i l l e d  
by a  m u l t i v a r i a t e  no rma l  d i s t r i b u t i o n  w i t h  z e r o  mean. Making 
t h i s  c h o i c e  o f  t h e  form o f  t h e  d i s t r i b u t i o n  we have  t o  d e f i n e  
t h e  c o v a r i a n c e  m a t r i x  
f o r  a n y  k  t h r o u g h  a  f i n i t e  number o f  unknown c o n s t a n t s .  
I f  we want t o  c o n s i d e r  a l s o  t h e  c a s e s  when t h e  s a m p l e s  y  ( k )  
a r e  n o t  e q u a l l y  s p a c e d  i n  t i m e ,  i . e .  t h e  i n t e r v a l  ( tk - tk-l)  
may b e  d i f f e r e n t  f o r  d i f f e r e n t  k ,  t h e n  t h e  s u i t a b l e  s t r u c t u r e  
f o r  R ( k )  i s  
i ~ h e r e  R i s  an  unknown b u t  c o n s t a n t  m a t r i x .  To show t h e  r e l e v a n c e  
o f  t h i s  s t r u c t u r e  l e t  u s  d i v i d e  t h e  t i m e  i n t e r v a l  ( tk  - tk-l)  
i n t o  u e q u a l  i n t e r v a l s  
From t h e  d e f i n i t i o n  o f  t h e  random v a r i a b l e  e ( k )  i r  ( 6 . 4 0 )  we h a v e  
w h e r e  
I f  t h e  t i m e  i n t e r v a l  A t  i s  s t i l l  l a r g e  enough  t h a t  t h e  random 
v a r i a b l e s  { e  m+ 3 , 2 , .  . . ,p} c a n  b e  assumed t o  be  u n c o r r e l - a t e d  ( k ) m  ' 
T 
E[e  (k)me ( k )  j ] = O , f o r  j $ m  , 
we o b t a i n  u s i n g  t h e  r e l a t i o n  ( 6 . 5 2 )  
T h i s  r e s u l t  shows t h a t  i f  w e  assume t h e  i n d e p e n d e n c e  ( 6 . 4 7 )  t h e n  
t h e  c o v a r i a n c e  m a t r i x  R h a s  t o  b e  p r o p o r t i o n a l  t o  t h e  l e n g t h  ( k )  
o f  t h e  s a m p l i n g  i n t e r v a l  ( tk - t k - l ) .  T h i s  j u s t i f i e s  t h e  s t r u c -  
t u r e  ( 6 . 5 1 ) .  
Summing up  we c a n  make t h e  l a s t  a s s u m p t i o n .  
Assumpt ion  4  
where we i n t r o d u c e d  f o r  l a t e r  conven ience  t h e  p r e c i s i o n  m a t r i x  
1141 
- 1  Q = R  ( 6 . 5 4 )  
a s  t h e  unknown p a r a m e t e r  i n s t e a d  o f  R.  Thus t h e  f u l l  s e t  o f  
unknown p a r a m e t e r s  i s  
To make t h e  fo rmulae  more compact it i s  c o n v e n i e n t  t o  
i n t r o d u c e  t h e  f o l l o w i n g  n - v e c t o r s  
t h e  [ (n- 1  ) x n ]  - m a t r i x  
where In-, i s  an i d e n t i t y  m a t r i x  o f  d imens ion  ( n - l ) ,  and a l s o  
t h e  f o l l o w i n g  n o t a t i o n  
With  t h i s  n o t a t i o n  t h e  d e n s i t y  ( 6 . 5 3 )  g e t s  t h e  fo rm 
t h e  J a c o b i a n  ( 6 . 4 9 )  i s  
and "k) Can b e  e x p r e s s e d  f r o m  ( 6 . 3 8 )  a s  fo l lows :  
S u b s t i t u t i o n  i n t o  ( 6 . 5 0 )  g i v e s  t h e  p r o b a b i l i t y  d e n s i t y  
w h i c h  we a r e  l o o k i n g  f o r .  
N o t i c e  t h a t  g ( k )  a n d  t h e r e b y  t h e  e n t i r e  c o n d i t i o n a l  d e n s i t y  
( 6 . 6 6 )  f o r  t h e  o u t p u t  y  d e p e n d s  o n l y  on  t h e  p r e c e d i n g  o u t p u t  ( k )  
Y(k -1 )  ' Hence ,  t h e  o l d  h i s t o r y  y  ( k - 2 )  c a n  b e  o m i t t e d  i n  t h e  (1 
c o n d i t i o n  p a r t  
a n d  t h e  o u t p u t  y ( k )  c a n  b e  c o n s i d e r e d  a s  a n  o b s e r v a b l e  s t a t e  of 
a  n o n l i n e a r  dynamic  s t o c h a s t i c  s y s t e m .  
The c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  ( 6 . 6 6 )  i s  a l l  t h a t  we 
n e e d  t o  b e  a b l e  t o  e s t i m a t e  t h e  p a r a m e t e r s  and  t o  f o r e c a s t  t h e  
f u t u r e  c o u r s e  o f  t h e  p r o c e s s  on  t h e  b a s i s  o f  known h i s t o r i c a l  d a t a .  
6.2 Maximum Likelihood Estimates 
As mentioned above, to estimate the unknown parameters 
K = {c,a,R} means finding the probability distribution for this 
parameter set conditioned on the known data 
The dynamic probabilistic model, developed in the previous sub- 
section, makes it possible to calculate 
where p ( y (k) lY[:)') ,K) is the density (6.66). Using the Bayes 
rule (6.4) we can determine the a posteriori probability density 
(6.68) in the following way. 
Considering that the single observation of the first output y (1 
does not bring any information about the unknown parameters K, 
we can write 
P ( K ~ Y ( ~ ) )  = p(K) , 
where 
p(K) = p(c,a,R) 
is the prior distribution for the unknown parameters. 
Using similar arguments as in the general introductory 
part of this section we obtain for the limit case of a very 
flat prior subjective probability distribution 
where 
is the likelihood function for our estimation problem and 
As the components of the vector a (i.e., ari = ar/ai ,iSr) can 
be only positive the space S is a space of all (n-1)-vectors 
a 
with positive components. S is the space of all positive R 
definite matrices of dimension (n-1) x (n-1) and Sc is the 
euclidean (n-1)-dimensional space R . It is assumed, of 
course, that N is large enough so that the integral (6.74) 
exists. 
The likelihood function (6.73) is obtained as the product 
(6.69) of probability densities (6.66). From the properties 
of the trace of matrix expressions 
tr (B C) = tr (C B) , 
it follows that 
(6.75) 
When the right-hand side of (6.65) is used to express the vec- 
tors e we get (k) 




@ ( N )  - 1 T- X ( k )  X ( k )  k=2 ( k )  
Using (6 .  76) t h e  l i k e l i h o o d  f u n c t i o n  can  b e  b r o u g h t  i n t o  t h e  
f o l l o w i n g  form: 
A s  t h e  f i r s t  f a c t o r ,  n o t  depending on t h e  unknown p a r a m e t e r s ,  
c a n c e l s  i n  ( 6 . 7 2 )  it i s  p o s s i b l e  and more c o n v e n i e n t  t o  o p e r a t e  
w i t h  t h e  m o d i f i e d  l i k e l i h o o d  f u n c t i o n  
' ( y l ~ j )  = J J J i ( c , a r n r y ~ ~ ~ ) d c .  a  dn .  ( 6 . 8 4 )  
Sc Sa s, 
The p r o b a b i l i t y  d e n s i t y  ( 6 .  83) r e f l e c t s  o u r  u n c e r t a i n t y  a b o u t  
( N )  t h e  unknown p a r a m e t e r s  c , a , R  a f t e r  t h e  d a t a  y ( l )  have  b e e n  ob- 
s e r v e d .  
I f  we a r e  i n t e r e s t e d  i n  t h e  ML-es t ima tes  o f  t h e  unknown 
p a r a m e t e r s  we have  t o  f i n d  t h e  p o i n t  a t  wh ich  t h e  l i k e l i h o o d  
f u n c t i o n  ( 6 . 8 2 )  r e a c h e s  i t s  maximum. T h i s  m a x i m i z a t i o n  c a n  b e  
decomposed i n t o  t h r e e  s t e p s :  
( i)  I n  t h e  f i r s t  s t e p  we s h a l l  f i n d  t h e  maximum o f  t h e  
l i k e l i h o o d  f u n c t i o n  o v e r  c f o r  a l l  p o s s i b l e  v a l u e s  of a  a n d  R .  
The p a r a m e t e r  c e n t e r s  o n l y  t h e  e x p o n e n t  i n  ( 6 . G 2 ) .  I t  i s  e a s y  
t o  v e r i f y  t h a t  t h i s  e x p o n e n t  c a n  b e  r e a r r a n g e d  i n  t h e  f o l l o w i n g  
way. 
= t r  [RAH ( N )  A] + -I ( C  - Ab ( N )  )'I f l(c - A b  (N) ) I ( 6 . 8 5 )  
where  
A s  any p o s s i b l e  R must be  p o s i t i v e  d e f i n i t e  t h e  l a s t  t e r m  i n  
( 6 . 8 5 )  can  b e  o n l y  n o n n e g a t i v e .  I t  i s  e v i d e n t  t h a t  t h e  minimum 
o f  ( 6 . 8 5 )  and hereby  t h e  maximum of  t h e  l i k e l i h o o d  f u n c t i o n  
( 6 . 8 2 )  i s  r e a c h e d  f o r  
no m a t t e r  what t h e  v a l u e s  of t h e  remain ing  p a r a m e t e r s  a ,R a r e .  
A f t e r  t h i s  f i r s t  maximiza t ion  s t e p  we have 
(ii) I n  t h e  second  s t e p  we s h a l l  f i n d  t h e  m a t r i x  R which 
maximizes (6 .71 ) f o r  any a .  According t o  Theorem 2 i n  Appendix 
A t h e  maximum i s  t a k e n  on a t  
and t h e  maximum i s  
(iii) I n  t h e  t h i r d  s t e p  we have t o  f i n d  t h e  v e c t o r  a  (by 
which a l s o  A(6 .58)  and 2 ( 6 . 5 7 )  a r e  d e f i n e d )  which maximizes 
( 6 . 9 4 ) .  T h i s  l a s t  s t e p  o f  maximiza t ion  p r o c e d u r e  c a n n o t  be  
s o l v e d  a n a l y t i c a l l y  b u t  o n l y  n u m e r i c a l l y .  However, some r e -  
a r rangement  o f  t h e  f u n c t i o n  ( 6 . 9 4 )  is s u i t a b l e  t o  f a c i l i t a t e  
t h e  n u m e r i c a l  s o l u t i o n .  Theorem 3  i n  Appendix A makes it 
p o s s i b l e  t o  r e w r i t e  ( 6 . 9 4 )  i n  t h e  f o l l o w i n g  form.  
where 
N o t i c e  t h a t  t h e  v a l u e  o f  t h e  f u n c t i o n  ( 6 . 9 6 )  remains  un- 
changed when a l l  components of t h e  n - v e c t o r  2 (6 .57)  a r e  d i v i d e d  
( o r  m u l t i p l i e d )  by any p o s i t i v e  number y .  
For  i n s t a n c e ,  i f  we choose  y = a r  t h e n  ai = l / a i  f o r  a l l  i ,  i n -  
c l u d i n g  r .  A l t e r n a t i v e l y ,  f o r  y = a  /a we have ai = a i  a s  de- 
r 
f i n e d  by ( 5 . 3 0 ) .  T h i s  shows t h a t  t h e  M S - e s t i m a t e  o f  a . .  = a i /  11 
a .  = a  r j / a r i  i s  a l w a y s  t h e  same n o  m a t t e r  w h a t  t e c h n o Z o y y  i s  
I 
c h o s e n  a s  t h e  r e f e r e n c e  c o m p e t i t o r .  ~t a l s o  shows t h a t  it i s  
i m p o s s i b l e  t o  e s t i m a t e  s e p a r a t e l y  a i ,  i = 1 , 2 ,  ..., n ,  b u t  o n l y  
t h e i r  r a t i o s .  
A  s i m p l e  and  e f f e c t i v e  n u m e r i c a l  p r o c e d u r e  which  c a l c u l a t e s  
t h e  v e c t o r  5 maximiz ing  t h e  f u n c t i o n  ( 6 . 9 6 )  i s  d e v e l o p e d  i n  
Appendix  B and  t h e  c o r r e s p o n d i n g  FORTRAN-subroutine AMLE c a n  b e  
f o u n d  i n  Appendix C. 
The whole  n u m e r i c a l  p r o c e d u r e  f o r  maximum l i k e l i h o o d  e s t i -  
m a t i o n  o f  a l l  model p a r a m e t e r s  c a n  b e  summarized i n t o  t h e  
f o l l o w i n g  a l g o r i t h m .  
A  1 g o  r i t h m  MLEST: 
1 .  G iven  t h e  m a r k e t  s h a r e s  f ( k ) i ,  i = 1 , 2 ,  ..., n ;  k  = 1 , 2 , . .  . , N ,  
a t  t i m e  p o i n t s  tk l  k  = 1 , 2 ,  . . . , N ,  c a l c u l a t e  t h e  s c a l a r  T ,  
t h e  n - v e c t o r  b  and  t h e  s y m m e t r i c a l  n  x n - m a t r i x  H a c c o r d i n g  
t o  f o r m u l a e  ( 6 . 8 0 ) ,  ( 6 . 8 7 )  a n d  ( 6 . 8 9 ) .  
N (en ' (*I J - T k  ) , 
H . .  = 
'1 kL2 T) ( k - l ) i  ( k )  bi) f n  (kWl ) j 
where  
( k )  = ( k )  - t  (k-1)  - 
2 .  F i n d  t h e  d i r e c t i o n  v e c t o r  a o f  any l e n g t h  f o r  wh ich  t h e  
f u n c t i o n  ( 6 . 9 6 )  
reaches its maximum. For this purpose the FORTRAN-sub- 
routine AMLE, given in Appendix C, can be used. The sub- 
routine AMLE gives the maximizing direction vector a of 
length (euclidian norm) equal to one. 
3. For any chosen reference competitor (indexed by r) calcu- 
late the estimates a. and cir, i = 1,2, ..., n, according i r 
to formulae 
- 
4 .  Calculate the estimate of the covariance matrix R = R-I 
according to formulae which follows from (6.93). 
The FORTRAN- subroutine realizing this algorithm can be 
found in Appendix C. 
Before examples of practical use of the algorithm MLEST 
are given, several additional comments are in order concerning 
the reliability of maximum likelihood estimates. 
As stated above, the uncertainty of the various unknown 
parameters is fully characterized by the probability distribu- 
tion (6.68) which--in the case of a very flat prior distribu- 
tion (6.71) -- is proportional to the likelihood function (6.81). 
The maximum likelihood estimate of the set of unknown param- 
eters is the point at which this function reaches its maximum. 
This means that to a small region around this point a higher 
probability has been assigned by observed data than to the 
region of the same size around any other point in the space of 
all possible values of unknown parameters. It is evident that 
the maximum likelihood estimates (as well as any other point 
estimates) can be very unreliable if the probability density 
function (6.81) is very flat or if it has a form of a ridge 
with almost the same height along some direction. We shall 
not go deeper into these details; however, we feel the neces- 
sity to emphasize that caution should be exercised in dealing 
with maximum likleihood estimates. The problem is not very 
critical in the case of the parameters c .  but it may be very ir 
critical in the case of parameters air. * )  The reason can be 
seen well from the sensitivity analysis of the two-dimensional 
competition performed at the end of Section 5 (see Figures 12 
and 13). This sensitivity analysis has shown that within the 
take-over time the model output is not very sensitive with 
respect to the ratio a12 = a1/a2. Conversely, the historical 
data contain little information about this parameter and when 
the data are noisy it may be very difficult or even impossible 
to extract this information. However, in this case the simpli- 
fied model developed in Section 4 under the assumption that 
a. = 1 for all i may serve as a reasonable approximation. 
i r 
For this reason the FORTRAN- subroutine MLEST listed in 
Appendix C provides the user both with the ML-estimate of all 
parameters (including air if possible) and with ML-estimates 
of c. and R for air = 1 ,  i = 1,2, . . . ,  n. The user has to i r 
choose the alternative which suits his case. 
E x a m p l e  3. Substitution of steam locomotives by diesel 
locomotives in the USA 
Table 2, taken from Mansfield [91, gives the numbers of 
steam and Diesel locomotives in the USA in the years 1925 to 
1959. The market shares within the time period 1939-1959 have 
been used as input data for parameter estimation. The result 
obtained by application of the subroutine MLEST is 
- 1 a,, = 1.56 , i12 = -0.505 year , R = 0.75 . 
* 
In the next section it will be shown that, for the 
purpose of forecasting, there actually does not exist a single 
number (point estimate) by which the uncertain parameter air 
could be replaced. 
Table 2. Number of d i e s e l  and steam locomotives, USA, 1925-1959. 
Source:  E. Mansf ie ld ,  I n t r a f i r m  Rates  o f  D i f f u s i o n  o f  an  Innova t ion ,  Review 
o f  Economics and S t a t i s t i c s ,  45 ( 1 9 6 3 ) ,  pp. 348-359. 
*Less t h a n  1% 
**More t h a n  99% 
YEAR 























2 5 * 
8 0 * 
8 5 * 
130 * 
2 9 3 * 
639 .0144 
1 517 -0349 
2 476 .0557 
4 301 .0949 
6 495 .I495 
12 025 .2838 
19 014 .4570 
24 209 .6636 
26 563 .8091 
29 137 .9179 
30 097 .9719 
Steam Locomotives 
Number Share 
67 713 + + 
64 843 * + 
60 572 * * 
5 7  820 * * 
53 302 + + 
48 477 * * 
46 342 + + 
43 604 .9856 
41 911 .9651 
41 983 .9443 
41 018 .go51 
36 942 .8505 
3 0 3 4 4  .7162 
22 590 .5430 
12 274 .3364 
6 266 .I909 
2 608 .0821 
871 .0281 
To check t h e  f i t  o f  t h e  model w i t h  t h e  t r u e  d a t a  t h e  p r o c e s s  
h a s  been r e c a l c u l a t e d  u s i n g  t h e  s u b r o u t i n e  PENETR w i t h  t h e  
p a r a m e t e r  v a l u e s  m o d i f i e d  a c c o r d i n g  t o  (5 .42)  and ( 5 . 4 3 )  
and w i t h  t h e  i n i t i a l  c o n d i t i o n  f 1 0  = 0.0144, f 2 0  = 0.9856, 
c o r r e s p o n d i n g  t o  t h e  y e a r  1939 ( s e e  T a b l e  2 ) .  The c a l c u l a t e d  
and t h e  t r u e  p r o c e s s  a r e  compared i n  F i g u r e  1 4 a , b .  The bended 
l i n e s  i n  F i g u r e  14b i n d i c a t e  t h a t  t h e  p r o c e s s  i s  n o n l o g i s t i c  
b u t ,  a s  it can  b e  s e e n ,  w i t h i n  t h e  t a k e - o v e r  t i m e  ( 1 0 % -  90%) 
t h e  s i m p l e  F i s h e r - P r y  model c o u l d  s t i l l  b e  a  r e a s o n a b l e  ap- 
p r o x i m a t i o n .  
Example  4 .  S u b s t i t u t i o n  o f  p r imary  e n e r g y  s o u r c e s  i n  
wor ld  e n e r g y  consumption.  
I n  t h i s  example a  t y p i c a l  sample o f  c a l c u l a t i o n s  performed 
on world  e n e r g y  d a t a  i s  r e c o r d e d .  
During t h e  d e r i v a t i o n  o f  t h e  model i n  S e c t i o n s  4 and 5  it 
h a s  been shown t h a t  t h e  v a r i a t i o n s  of t h e  most i m p o r t a n t  param- 
e t e r s  c i r  ( i  = 1 , 2 ,  ..., n )  a r e  smoothed by i n t e g r a t i o n  s o  t h a t  
t h e  model o u t p u t  i s  n o t  v e r y  s e n s i t i v e  t o  t h e i r  f l u c t u a t i o n s  
a round  some mean v a l u e .  N e v e r t h e l e s s  i t  i s  h a r d  t o  b e l i e v e  
t h a t  t h e y  c o u l d  be even a p p r o x i m a t e l y  c o n s t a n t  f o r  a  v e r y  l o n g  
p e r i o d  o f  t i m e  c o v e r i n g  two wor ld  wars .  To i n v e s t i g a t e  t h i s  
q u e s t i o n  s e v e r a l  t i m e  p e r i o d s  have been c o n s i d e r e d  f o r  p a r a m e t e r  
e s t i m a t i o n  s e p a r a t e l y .  I n  s p i t e  o f  t h e  f a c t  t h a t  t h e  e s t i m a t e s  
o b t a i n e d  from d i f f e r e n t  t i m e  p e r i o d s  a r e  s l i g h t l y  d i f f e r e n t  
( e s t i m a t e s  o f  a .  sometimes v e r y  d i f f e r e n t ) ,  i n  a l l  c a s e s  a  remark- 
1 j 
a b l y  good f i t  w i t h  a l l  h i s t o r i c a l  d a t a ,  b o t h  f o r w a r d s  and back- 
wards ,  h a s  been o b t a i n e d .  T h i s  i n d i c a t e s  a  h i g h  s t a b i l i t y  o f  
t h e  p r o c e s s  and s u p p o r t s  t h e  c o n f i d e n c e  i n  t h e  f o r e c a s t  based  
on t h e  model. To d e m o n s t r a t e  t h i s  f a v o r a b l e  f e a t u r e  o f  t h e  model 
a t  l e a s t  s e v e r a l  o f  t h e s e  c a l c u l a t i o n s  w i l l  be r e p o r t e d  i n  d e t a i l  
s o  t h a t  t h e  i n t e r e s t e d  r e a d e r  c a n  e a s i l y  r e p r o d u c e  them h i m s e l f  
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Figrre 14a,b. Replacement of steam by diesel 
locomotives in the USA. 
u s i n g  t h e  FORTRAN- s u b r o u t i n e s  i n  Appendix C .  
I n  T a b l e  3 t h e  market  s h a r e s  o f  t h e  main p r imary  e n e r g y  
s o u r c e s  i n  t h e  world  e n e r g y  consumption a r e  r e g i s t e r e d  f o r  t h e  
t i m e  p e r i o d  1920 t o  1971. They have been c a l c u l a t e d  from wor ld  
e n e r g y  d a t a  c o l l e c t e d  a t  IIASA by N. Nakicenovic  [ 1 2 ] .  A s  t h e  
d a t a  on wood s i n c e  1951 have n o t  been a v a i l a b l e  t h e y  have been 
r e p l a c e d  by p r e d i c t i o n s  o b t a i n e d  from t h e  p a s t  h i s t o r y  o f  t h e  
s u b s t i t u t i o n  p r o c e s s  i n  o r d e r  t o  make t h e  t a b l e  comple te .  No- 
t i c e  t h a t  t h e s e  a r t i f i c i a l  d a t a  a r e  r e l a t i v e l y  i n s i g n i f i c a n t .  
When a l l  d a t a  f rom T a b l e  3 a r e  used  t h e  f o l l o w i n g  e s t i m a t e s  
a r e  o b t a i n e d .  
where t h e  i n d i c e s  have t h e  f o l l o w i n g  meaning: 1 -wood ,  2  - c o a l ,  
3  - o i l ,  4  - n a t u r a l  g a s ,  and one  y e a r  i s  t a k e n  a s  t i m e  u n i t .  
N a t u r a l  g a s  i s  chosen  a s  t h e  r e f e r e n c e  c o m p e t i t o r ;  however,  
u s i n g  t h e  r e l a t i o n s  (5 .13)  and (5 .15)  t h e  e s t i m a t e s  c a n  be e a s i -  
l y  r e c a l c u l a t e d  t o  any o t h e r  c h o i c e .  
The smoothed c u r v e s  i n  F i g u r e s  1 5 a , b  show t h e  o u t p u t  of  t h e  
d e t e r m i n i s t i c  model ( s u b r o u t i n e  PENETR w i t h  pa ramete r  v a l u e s  
C i  = e i4 ,  6 .  = Zi4, = 0 )  f o r  i n i t i a l  marke t  s h a r e s  i n  1920 
t a k e n  from T a b l e  3 .  
A s  d i s c u s s e d  above ,  t h e  e s t i m a t e s  of  t h e  p a r a m e t e r s  
a i r  a r e  r a t h e r  u n r e l i a b l e  b u t  a l s o  n o t  v e r y  s i g n i f i c a n t  from t h e  
p o i n t  o f  view o f  t h e  model o u t p u t .  I f  a l l  o f  them a r e  set t o  
one t h e  f o l l o w i n g  e s t i m a t e s  o f  t h e  p a r a m e t e r s  c i r  a r e  o b t a i n e d  
( s u b r o u t i n e  MLEST i n  Appendix C g i v e s  b o t h  t h e s e  r e s u l t s  a t  t h e  
same t i m e )  : 
Table 3. Market shares of primary energy sources in world 
energy consumption. 
Year : 
1 9 2 0  : 
1 9 2 1  : 
1 0 2 2  : 
1 0 2 3  : 
1 9 2 4  : 
1 9 2 5  : 
1 9 2 6  : 
1 9 2 7  : 
1 c 2 e  : 
I F 2 9  : 
1 0 3 0  : 
1 3 3 1  : 
1 4 3 2  : 
Nat .Gas Wood Coal  
0 . 1 5 1 1 P  0 . 7 5 5 3 1  
C .  i c e 5 3  ~ . 7 i ? a 7  
0 . 1 9 1 4  0 . 7 2 4 E "  
O . !? l !p3  C . 7 3 7 1 5  
C. 1 3 5 3 7  C . 7 5 2 7 6  
c . 1 3 2 3 7  c . 7 2 ~ 6 7  
C.. 1 3 2 1 6  C . 7 2 4 5 h  
0 .  ! 2 3 h Z  0 . 7 2 2 8 6  
C. 1 1 2 1 7  C.735r)&,  
0 . 1 1 0 4 7  C . 7 1 6 7 7  
O.  I ~ C J J P  0 . 7 C t 4 0  
O. 1 2 6 5 9  O.6F56.5 
c .  1 3 s ~ ~  r . F f ~ 7 7  
C ' .  1 2 V 5  9 . 6 6 0 e 4  
C.115'2 O . F t l I 2  
C. 1  l C 4 P  C.67?!? 
C . 1 0 0 0 5  C . 6 t S 6 5  
C.C!?SOll C . 6 7 7 0 1  
O.!CC71 C . 7 0 6 6 2  
O.CEP25 C . 6 7 P 6 9  
O.CCCll4 C .69424  
C . C 7 h l l  C . 6 Q F 2 0  
C;.07422 C . 7 0 7 5 1  
C .C7@7? G .  6 9 9 7 6  
O.CF"53 0 . 6 7 3 0 1  
C.C791t? C .  h l C C 6  
C . 0 7 4 4 Q  C.6 1 4 0 4  
0 . C 6 5 1 0  c . ( 2 ? ? ?  
C. C f  32P  9 . 1 0 7 2 0  
C . C L l l 5  C .5031P 
C.. CI2COII 
0 . 0 1 0 5 3  
0 . 0 2 0 1 3  
0 . C 2 3 9 5  
0 . 0 2 7 0 7  
G.C2?CS 
C.(.?C?? 
@ . C ! Z l ? h  
C.C32C1 
O.C39?t? 
0 . 0 4 ! ~ 1  
C . C 4 1 7 4  
C. C b 2 5 2  
0 . C 4 1 2 7  
o .o I l ?CE 
(?.C"9? 
C.CS515 
o .c ! r c~ ; :  
C.C45QP 
C.CJi?14 
C . O S C F 2  
@ . r ? ? o i  
0 . C 7 5 ~ 1 2  
0 . 0 j 3 2 1  
(! .C?C07 
C .C???F  
G.C2[,P() 
c . c r ^e r t7  
G.C2731 
~ . r : ? i f ; o  
C . C ? c Q k  
r . I - 1 5 6 1  
r . 0 1 7 0 0  
C.Cl 'R1 
C,. (  ? jr,:, 
C.Cl:: 3 
o . ~ i ; ~ ~ >  
. 
*The d a t a  on wood consumption f o r  energy product ion s i n c e  1951 have not  been 
ava i ldo le .  These numbers a r e  es t imates  based on t h e  p a s t  h i s t o r y  of the  
s u b s t i t u t i o n  process  (1885-1950). 
C . 5 9 6 7 1  
*) C.5Cllc.7 
9 . 5 7 2 6 0  
C .7hCJ l2  
C . l b P 1 7  
C . S ~ ~ ~ S  
c.: l l23? 
C . 5 3 r 9 3  
C.571111 1  
C."!l12 
0 . 5 ! " 0  
r .  J117?2 
C . i I 0 1 9 1  
c' , . jdi :7?~ 
P . 1 ' 7 7 3 1  
(!.iJiJ6:2 
r.. ~ I J , ~ J ? O  
C . 4 3 ! 0 ?  
2. ->:.21!6 
0 . 3 7 1 7 3  
~:j?7.:f 
c . ? ~ I n ' > F  
C O A L  
Figure 15a,b. Primary energy substitution: all model 
parameters estimated from the period 
1920-1971. 
The c o r r e s p o n d i n g  model o u t p u t  f o r  t h e  s t a r t i n g  p o i n t  i n  1920 
i s  shown i n  F i g u r e s  1 6 a , b .  I n  s p i t e  of t h e  g r e a t  d i f f e r e n c e  i n  
p a r a m e t e r s  ai4 ( e s p e c i a l l y  i n  a 3 4 )  t h e  d i f f e r e n c e  i n  t h e  model 
o u t p u t s  i s  n o t  s o  g r e a t  a s  one  c o u l d  e x p e c t .  The comparison o f  
f i t s  w i t h  h i s t o r i c a l  d a t a  i n d i c a t e s  t h a t  i n  t h i s  c a s e  t h e  a s -  
sumption ai4 = 1 ( f o r  a l l  i )  may be more r e a l i s t i c  t h a n  t o  r e l y  
on u n c e r t a i n  ML-estimates o f  t h e s e  p a r a m e t e r s .  The i m p o r t a n t  
q u e s t i o n ,  how t h e  u n c e r t a i n t y  o f  p a r a m e t e r s  h a s  t o  be  p r o j e c t e d  
i n t o  t h e  f u t u r e ,  w i l l  be  s t u d i e d  i n  d e t a i l  i n  t h e  n e x t  s e c t i o n  
where we s h a l l  d e a l  w i t h  f o r e c a s t i n g .  
One c o u l d  e x p e c t  t h a t  t h e  2nd World War and t h e  i n t e n s i v e  
t e c h n i c a l  development  a f t e r  t h i s  war c o u l d  c a u s e  a  s i g n i f i c a n t  
change i n  t h e  model p a r a m e t e r s .  I f  t h i s  were  t r u e  t h e n  t h e  p r e -  
war d a t a  s h o u l d  n o t  be  used  i n  f o r e c a s t i n g  t h e  f u t u r e  deve lop-  
ment o f  t h e  s u b s t i t u t i o n  p r o c e s s .  To c l e a r  up t h i s  q u e s t i o n  
o n l y  t h e  pos twar  d a t a  from t h e  t i m e  p e r i o d  1945 t o  1971 have 
been c o n s i d e r e d  i n  p a r a m e t e r  e s t i m a t i o n  and t h e  model h a s  been 
used  t o  " b a c k c a s t "  t h e  p a s t  h i s t o r y  o f  t h e  p r o c e s s .  Due t o  t h e  
r e l a t i v e l y  low number of d a t a  w i t h  narrow r a n g e  o f  t h e i r  ampl i -  
t u d e s  o n l y  t h e  s i m p l i f i e d  model under  t h e  assumpt ion  a .  = 1 l r  
( f o r  a l l  i) c o u l d  be  o b t a i n e d  i n  t h i s  c a s e .  The e s t i m a t e s  of 
t h e  r e m a i n i n g  f r e e  p a r a m e t e r s  a r e  
The compar i son  w i t h  h i s t o r i c a l  d a t a ,  f o r  t h e  s t a r t i n g  p o i n t  i n  
1971, i s  g i v e n  i n  F i g u r e s  1 7 a , b .  The bad f i t  o f  t h e  c u r v e  sep-  
a r a t i n g  t h e  marke t  s h a r e s  of wood and c o a l  i n  F i g u r e  17a c a n n o t  
be c o n s i d e r e d  a s  a  f a i l u r e .  N o t i c e  t h a t  o n l y  s i x  p o i n t s  o f  used  
d a t a  on wood (1  945 t o  1950) a r e  t r u e .  The remain ing  21 p o i n t s  
a r e  a r t i f i c i a l  and smoothed and were t a k e n  by t h e  e s t i m a t i o n  
p r o c e d u r e  a s  v e r y  p r e c i s e ,  T h i s ,  o f  c o u r s e ,  d r a s t i c a l l y  i n -  
f l u e n c e d  t h e  r e s u l t  o f  e s t i m a t i o n .  To overcome t h i s  d i f f i c u l t y ,  
wood (which i s  i n s i g n i f i c a n t  f o r  t h e  f u t u r e  development  of t h e  
p r o c e s s )  and c o a l  have been a g g r e g a t e d  ( b y  summing up t h e  two 
c o r r e s p o n d i n g  columns i n  T a b l e  3 )  and c o n s i d e r e d  a s  one c o m p e t i t o r .  
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Figure 16a,b. Priniary energy substituion: paranieters 




Figure 17a,b. Primary energy substitution: parameters 
a set to  1 ; remaining estimated from postwar 




The result of the repeated calculation is 
vhere the indices mean: 1 - wood + coal, 2 - oil, 3 - natural gas. 
ionsidering the "goodness-of-fit'' with historical data for 70 
years backwards, shown in Figures 18a,b, it is hard to believe 
that the law governing the substitution process should be much 
different in the near future. The opponent, who is of different 
opinion, should attack the assumptions on which the model is 
based and show why and how much, whether significantly, they 
will be violated. Of course, the future development of the 
substitution process can be considerably influenced when a new 
and competitive energy source, like nuclear, enters the market. 
This will be shown in the next section. 
7. FORECASTING 
In this section the problem of forecasting is studied with 
emphasis on the following objectives : 
- to clear up the relation between the deterministic and prob- 
abilistic models developed in previous sections in order to 
give a precise probabilistic meaning to the curves generated 
by the deterministic model, which-- of course -- can never be 
precisely true; 
- to investigate the suitability of maximum likelihood estimates 
for the purpose of forecasting; 
- to show how the uncertainty of parameters can be projected 
into the future; 
- to show, by the example of nuclear energy, how a new techno- 
logy can be incorporated into the model. 
To follow this program let us show first that the output 
of the deterministic model, calculated for some particular time 
point t and for given parameters and initial conditions, is 
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Figure 18u.b. \\'ootl and coal aggregated, pararnrters a set 
to I : remaining estimated from postwar data 
1915-1071. 
n e i t h e r  t h e  maximum o f  t h e  p r o b a b i l i t y  d e n s i t y  n o r  t h e  mean 
v a l u e  b u t  t h e  median.  I n  t h e  two-d imens iona l  c a s e  (n  = 2 )  it 
means t h a t  w i t h  p r o b a b i l i t y  o n e  h a l f ,  t h e  p o s s i b l e  t r u e  v a l u e  
l i es  on o n e  s i d e  o f  t h e  c a l c u l a t e d  c u r v e  and  w i t h  t h e  same 
p r o b a b i l i t y  on t h e  o t h e r  s i d e .  B e f o r e  we p r o v e  t h i s  s t a t e m e n t ,  
l e t  u s  f o r m u l a t e  it more p r e c i s e l y  and  g e n e r a l l y  f o r  t h e  m u l t i -  
v a r i a t e  c a s e .  
The o u t p u t  o f  t h e  p r o c e s s  a t  t i m e  tk+l i s  f u l l y  d e t e r m i n e d  
by t h e  v e c t o r  y  - ( k + l )  ( y  ( k + l )  - f  ( tk+l)  i , i  r ) .  L e t  u s  d e n o t e  
t h e  o u t p u t  o f  t h e  d e t e r m i n i s t i c  model by y*  ( k + l )  t o  be  d i s t i n -  
g u i s h e d  f rom any  o t h e r  p o s s i b l e  o u t p u t  y  (k+ ) . F u r t h e r ,  l e t  u s  
i n t r o d u c e  t h e  f o l l o w i n g  s p a c e s  of p o s s i b l e  p r o c e s s  o u t p u t s .  
What w e  a r e  s t a t i n g  is :  G i v e n  t h e  m o d e l  p a r a m e t e r s  K = I c , a , R }  
a n d  t h e  i n i t i a l  c o n d i t i o n  y ( k ) ,  t h e  p r o b a b i l i t y  t h a t  t h e  o u t p u t  
Y ( k + l )  w i l l  l i e  i n  t h e  s p a c e  Yik+l )  i s  t h e  same a s  t h e  p r ~ o b a b i l -  
i t y  t h a t  t h e  o u t p u t  w i l l  l i e  i n  t h e  s p a c e  y;k+l) - 
To p r o v e  t h i s  s t a t e m e n t  l e t  u s  c a l c u l a t e  t h e  p r o b a b i l i t y  
on t h e  l e f t  hand s i d e  o f  ( 7 . 1  ) . Using t h e  r e g u l a r  t r a n s f o r m a t i o n  
between t h e  random v e c t o r s  y  (k+1)  ( k + l ) '  and  c o n s i d e r i n g  
t h a t  y*  ( k + l )  i s  c a l c u l a t e d  f o r  e ( k + l )  = 0, we o b t a i n  
The l a s t  e q u a l i t y  i n  ( 7 . 2 )  f o l l o w s  from t h e  f a c t  t h a t  t h e  d i s -  
t r i b u t i o n  o f  e  ( k + l )  i s  normal ,  a c c o r d i n g  t o  a s s u m p t i o n  ( 6 . 5 3 ) ,  
and p r o v e s  t h e  s t a t e m e n t .  
Now, l e t  u s  f o l l o w  t h e  q u e s t i o n  o f  what  happens when some 
o r  a l l  model p a r a m e t e r s  a r e  n o t  p r e c i s e l y  known; how i s  t h e  uncer -  
t a i n t y  of t h e  p a r a m e t e r s  r e f l e c t e d  i n  t h e  u n c e r t a i n t y  o f  t h e  f o r e -  
c a s t .  The p r e c i s e  Bayes ian  answer t o  t h i s  q u e s t i o n  i s  a s  f o l l o w s .  
L e t  y  ( N )  be t h e  l a s t  o u t p u t  o f  t h e  p r o c e s s  which i s  known 
and y  be t h e  f u t u r e  o u t p u t  a t  t i m e  tN+, > tN we want t o  ( N f l )  
f o r e c a s t .  I f  t h e  s e t  o f  a l l  model p a r a m e t e r s  K were known, t h e n  
a l l  t h a t  c o u l d  be  s a i d  a b o u t  t h e  f u t u r e  o u t p u t  is c o n t a i n e d  i n  
t h e  p r o b a b i l i t y  d e n s i t y  p  ( y  ( N + l )  ( Y ( ~ )  , K )  d e f i n e d  by o u r  model.  
When a l l  o r  some o f  t h e  p a r a m e t e r s  a r e  unknown o r  u n c e r t a i n  t h i s  
p r o b a b i l i t y  d e n s i t y  i s  n o t  a v a i l a b l e .  C o n s i d e r  t h e  p a r a m e t e r  
s e t  K decomposed i n t o  two s u b s e t s  
where K U  i s  t h e  s u b s e t  o f  unknown p a r a m e t e r s  w h i l e  t h e  param- 
e t e r s  Kc a r e  c o n s i d e r e d  a s  c e r t a i n .  Not knowing t h e  p a r a m e t e r s  
K U  we have t o  l o o k  f o r  t h e  p r o b a b i l i t y  d e n s i t y  p ( y  ( N + l ) J y ( l ) ' K c )  ( N )  
where t h e  i n f o r m a t i o n  a b o u t  t h e  unknown p a r a m e t e r s  i s  r e p l a c e d  
by t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h e  known p a s t  h i s t o r y  o f  t h e  
p r o c e s s .  F o r e c a s t i n g  under  t h e  l a c k  o f  p a r a m e t e r  v a l u e s  is  
n o t h i n g  e l s e  t h a n  c a l c u l a t i o n  o f  t h i s  p r o b a b i l i t y  d e n s i t y  which 
can  be pe r fo rmed  u s i n g  two b a s i c  fo rmulae  ( 6 . 2 )  and ( 6 . 1 )  i n  
t h e  f o l l o w i n g  way. 
I n  o u r  c a s e ,  b o t h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  wh ich  a r e  
r e q u i r e d  on t h e  r i g h t - h a n d  s i d e  o f  ( 7 . 4 )  , a r e  a l r e a d y  known. 
The f i r s t  o n e  i s  g i v e n  by ( 6 . 6 6 )  , t h e  s e c o n d  o n e  -- f o r  a l l  
p a r a m e t e r s  unknown -- b y  ( 6 . 8 3 ) ,  ( 6 . 8 2 )  and  ( 6 . 8 4 ) .  
The f o r m u l a  ( 7 . 4 )  i n d i c a t e s  u n d e r  wha t  c o n d i t i o n s  t h e  un- 
known p a r a m e t e r s  K c a n  b e  s i m p l y  r e p l a c e d  by  t h e i r  maximum 
l i k e l i h o o d  e s t i m a t e s .  C o n s i d e r  t h e  p r o b a b i l i t y  d e n s i t y  
p  ( y  ( N + l  ) I y  ( N )  , K c , K U )  a s  a  f u n c t i o n  o f  K U  f o r  g i v e n  y  a n d  any ( N )  
b u t  f i x e d  I f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  Ku i s  
h i g h l y  c o n c e n t r a t e d  a r o u n d  t h e  ML-es t imate  ? U ,  a s  shown i n  
F i g u r e  1 9 a ,  it i s  e v i d e n t  t h a t  a  good a p p r o x i m a t i o n  o f  t h e  i n -  
t e g r a l  ( 7 . 4 )  c a n  b e  o b t a i n e d  i f  t h e  v a r i a b l e  K U  i n  t h e  f i r s t  
p a r t  o f  t h e  i n t e g r a n d  i n  ( 7 . 4 )  i s  s i m p l y  r e p l a c e d  by t h e  f i x e d  
,. 
p o i n t  K . 
U 
However,  i f  t h e  s i t u a t i o n  i s  l i k e  F i g u r e  19b ,  t h e  approx ima-  
t i o n  ( 7 . 5 )  d o e s  n o t  h o l d  and t h e  i n t e g r a t i o n  i n  ( 7 . 4 )  h a s  t o  b e  
p e r f o r m e d .  U n f o r t u n a t e l y ,  it is  n o t  e a s y  t o  r e c o g n i z e  wha t  
s i t u a t i o n  o c c u r s  w i t h o u t  a  more d e t a i l e d  i n v e s t i g a t i o n .  
F ~ g u r e  19a,t,. Two e x t r r m r  situations in Bay esiari forrcastirlg 
I n  o u r  c a s e  t h e  i n t e g r a t i o n  ( 7 . 4 )  can  b e  p e r f o r m e d  a n a l y t -  
i c a l l y  f o r  t h e  unknown p a r a m e t e r s  K = t c , R }  b u t  o n l y  n u m e r i c a l -  
u  
l y  when a l s o  t h e  p a r a m e t e r  v e c t o r  a  i s  c o n s i d e r e d  a s  unknown. 
To f a c i l i t a t e  t h e  i n t e g r a t i o n  l e t  u s  b r i n g  t h e  f o r m u l a  ( 7 . 4 )  
i n t o  a  more c o n v e n i e n t  form. When t h e  d e n s i t y  p  (K, 1 jyj , K c )  i s  
e x p r e s s e d  by t h e  Bayes  f o r m u l a  ( a n a l o g o u s  t o  ( 6 . 7 0 ) )  
and  t h e  r e l a t i o n  ( a g a i n  t h e  b a s i c  f o r m u l a  ( 6 . 1 ) )  
i s  a p p l i e d ,  t h e  f o r m u l a  ( 7 . 4 )  g e t s  t h e  fo rm 
N o t i c e  t h a t  t h e  i n i t i a l  c o n d i t i o n  y ( l )  f o r  o u r  s t o c h a s t i c  model 
c a n  b e ,  a c t u a l l y ,  c o n s i d e r e d  a s  o n e  o f  i t s  p a r a m e t e r s  wh ich  i s  
known. I f  it c a n  b e  assumed t h a t  t h e  p r i o r  d i s t r i b u t i o n  f o r  t h e  
unknown p a r a m e t e r s  P ( K ~ ( ~ ( ~ ) , K ~ )  i s  v e r y  f l a t  e v e n  when Kc a n d  
y ( l )  a r e  a  p r i o r i  known, t h e n - -  u n d e r  c o n d i t i o n s  s p e c i f i e d  i n  
S e c t i o n  6  -- t h e  f o l l o w i n g  r e s u l t  i s  o b t a i n e d .  
N o t i c e  t h a t  t h e  p r o b a b i l i t y  d e n s i t i e s  i n  ( 7 . 9 )  a r e ,  i n  f a c t ,  
l i k e l i h o o d  f u n c t i o n s  g i v e n  by f o r m u l a  ( 6 . 8 1 ) .  
Of c o u r s e ,  t h e  v a r i a b l e  y  ( N + l  ) i n c o r p o r a t e d  i n t o  ( 7 . 1 0 )  h a s  t o  
b e  c o n s i d e r e d  n o t  a s  f i x e d  b u t  f r e e .  
W e  s h a l l  e x p l o i t  t h e  g e n e r a l  f o r m u l a  ( 7 . 9 )  i n  two s t e p s .  
F i r s t ,  it w i l l  be  assumed t h a t  t h e  p a r a m e t e r  v e c t o r  a  i s  known. 
I n  t h e  s e c o n d  s t e p  t h e  s o l u t i o n  w i l l  b e  g e n e r a l i z e d  f o r  t h e  
c a s e  when a l s o  a  i s  unknown. 
7 . 1  P a r a m e t e r  V e c t o r  a  Known 
I n  t h i s  c a s e  we have  
and  t h e  f o r m u l a  ( 7 . 9 )  c a n  be  w r i t t e n  
where  M s t a y s  e i t h e r  f o r  N+ 1  o r  N .  
The r a t i o  o n  t h e  r i g h t - h a n d  s i d e  o f  ( 7 . 1 2 )  is  g i v e n  b y  
Theorem 5 i n  Appendix  A. A c c o r d i n g  t o  t h i s  t h e o r e m  t h e  p r o b a -  
b i l i t y  d i s t r i b u t i o n  f o r  t h e  f u t u r e  o u t p u t  o f  t h e  p r o c e s s ,  g i v e n  
o n l y  t h e  p a s t  h i s t o r y  o f  t h e  p r o c e s s  and  p a r a m e t e r  v e c t o r  a ,  i s  
( f o r  t h e  s a k e  o f  s i m p l i c i t y  we o m i t  t h e  n o r m a l i z i n g  f a c t o r  i n  
(A .  40)  
where 
@ (N+1) = A x  (N+1) - "N) (t~+l - t ~ )  
and e is the maximum likelihood estimate (6.98) of the param- (N) 
eter vector c available at time tN. 
Notice that the transformation between the random variable 
y (N+ 1 ) and the variable 6 (N+l) introduced by (7.15) is the same 
as in (6.65); only the true parameter vector c is replaced by 
its ML-estimate. Using this transformation, the Jacobian of 
which is reciprocal to (6.64), we can calculate 
1 
 PI@(^+^) I Y I ? ~  la) a (7.18) 
+ eT - 1 (N+ 1 ) YJ (N) c3 (N+ 1 ) 
Hence, the random variable c3 (N+l) has the Student's t-distribu- 
tion with zero mean and with the covariance matrix 
(7.19) 
where 
1 t ~ + l - t l  
- -- 
N-1 tN - tl A IN) AT (7.20) 
N o t i c e  t h a t  k i s  r e l a t e d  t o  t h e  ML-es t imate  = 6;) ( N )  ( N )  
( 6 . 9 3 )  i n  t h e  f o l l o w i n g  way: 
From t h e s e  t h e o r e t i c a l  r e s u l t s  t h e  f o l l o w i n g  p r a c t i c a l  con-  
c l u s i o n s  c a n  b e  drawn:  
- The d e t e r m i n i s t i c  model  i n  w h i c h  t h e  unknown p a r a m e t e r s  c .  l r l  
V i  r ,  a r e  r e p l a c e d  by  t h e i r  M L - e s t i m a t e s ,  g i v e s  t h e  p o i n t  
o f  t h e  d i s t r i b u t i o n  ( 7 . 1 4 )  where  G ( N + l )  = 0. As t h e  S t u d e n t ' s  
t - d i s t r i b u t i o n  ( 7 . 1 8 )  i s  s y m m e t r i c  ( a n d  f o r  N > > n - 1  c l o s e  t o  
n o r m a l )  t h e  d e t e r m i n i s t i c  f o r e c a s t  has  t h e  same meaning a s  i f  
t h e s e  p a r a m e t e r s  were  known, i . e .  t h e  meaning o f  m e d i a n .  
- The i n c r e a s e  o f  u n c e r t a i n t y  i n  t h e  f o r e c a s t  due  t o  u n c e r t a i n  
p a r a m e t e r s  c and R i s  r e f l e c t e d  i n  t h e  c o v a r i a n c e  m a t r i x  ( 7 . 2 2 )  
and i n  t h e  change  o f  t h e  shape  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  
(e (!,+I ) I Y ( ~ )  , K )  from t h e  normal  t o  S t u d e n t ' s .  
- For g i v e n  parame te r  v e c t o r  a t h e  b e s t  e s t i m a t e  o f  c, f o r  t h e  
p u r p o s e  o f  f o r e c a s t i n g ,  i s  t h e  M L - e s t i m a t e .  The ML-es t ima te  
of t h e  c o v a r i a n c e  m a t r i x  R has  t o  be  c o r r e c t e d  a c c o r d i n g  t o  
( 7 . 2 2 ) .  
U n f o r t u n a t e l y ,  t h i s  is a l s o  n o t  t r u e  when t h e  p a r a m e t e r  v e c t o r  
a  i s  unknown, a s  we s h a l l  show now. 
7 .2  P a r a m e t e r  V e c t o r  a Unknown 
I f  n o  p a r a m e t e r s  c a n  b e  c o n s i d e r e d  a s  known, t h e n  t h e  
p a r a m e t e r  sets i n  t h e  g e n e r a l  f o r m u l a  ( 7 . 9 )  a r e  
and, according to the general formula (7.9), instead of (7.12) 
we now have 
Using the formulae (A.37) from Theorem 5 and (A.16) from Theo- 
rem 3 (Appendix A), it can easily be verified that the following 
proportionality holds: 
.% - 
P?(N+I) lyiyg a N+n da. (7.24) 
I H  (N+1) , ".;b+,,:) 
\ / 
For any chosen y (N+1) (or f (N+1) fulfilling the condition 
If (N+l )i = 1) the right hand side of (7.14) can be evaluated by 
numerical integration. In this way the entire probability den- 
sity (as a function of the variable vector y (N+ ) ) can be ob- 
tained in the form of a numerical table and any of its charac- 
teristics can be calculated numerically. This numerical calcu- 
lation can be facilitated using the formulae proved in Theorem 4 
(Appendix A): 
where x (N+l ) is defined by (7.16). Notice, that the determinant 
(7.29) can be taken out from the integral (7.24) and 8 (N+I) IH(N) I 
can be omitted being a part of the normalizing factor. 
The f o l l o w i n g  p r a c t i c a l  c o n c l u s i o n s  have  t o  be drawn:  
- G e n e r a l l ~ ,  t h e r e  d o e s  n o t  e x i s t  a  s i n g l e  n u m b e r  - a  p o i n t  
e s t i m a t e  - tii u h i ! c h  t h e  unZ:now?l ;,_tra:!e'i5i7 a  . ; c . IL<%J I , . ?  r e -  
p l u c e d  f o r  s h e  p u r p o s e  o f  f o r e c a c ? : : r : y  ( n e i t h e r  i n  de ' e rmz 'n -  
i s t i c  n o r  i n  p r o b a b i l i s t i c  m o d e l s ) .  An e r c c l i t i o n  i s  t h e  
s i t u a t i o n  show?? ix F i g u r e  I Y a ,  w h i c i :  ; i c c i , r r e d  i n  Exa!.;plr .3 
( D i e s e l  v e r 7 s u s  s t e a m  locomotives i n  t h e  U S A ) .  I n  o t k s r  
c a s e s  t h e  maximum l i k e  ZZhood e s t i v a t e  o f  t h e  p u r a m c t e r  u e r t c r  
a  h a s  t o  Eie h i ~ n d l e ~ i  ~ ~ i t i z  c a u t i o ~ i .  F o r z t u n a t e ! y ,  wit1z::n t h e  
m o s t  i m p o r t a n t  p e r i o d  oj" t r a n s i t i o n  t h e  ~ o d e l  o u t p u t  i s  n o t  
v e r y  s e n s i t i v e  w i t h  r e s p e c t  t o  t h i s  p u r a m e t e l . ,  u s  i t  W L I E  
s h o w n  b y  t h e  s e n s i t L u i t y  a Y i c 2 L j ~ i ~  i i f  t h e  t i ~ ; u - l i m a r ~ : ; i ~ ) n ~ c %  c a s t ?  
i n  S e c t i o v .  5 .  l i s u a i l y ,  f .he  a s s u n r p t l o n  a .  = 1 i ,  c a n  
1 r 
s e r v e  a s  a  good  a p p r o x i m a t i u n .  i?ecczusa i'j' t h e s e  r e a o i ~ n s  t h e  
s u b r o u t i n e  MLES7 i n  A p p e n d i x  C pimCvi.dcs t h e  u s s r j  h s t h  w i t h  
M L - e s t i m a t e s  ~ . f  a l l  purlimet.er7s and  w i t h  ? 4 L - e s t i m a t e s  cf +,he 
p a r d m e t e r  v e c t o r  c  a n d  c .ovar3iance mati.r:x R unciar th t?  a s s u m p -  
t i o n  a .  = 1 i .  Whether .  t k e  q u e s t i c r ;  i s  c r i t i c u l ,  i t  c a n  
1 r 
b e  ~ l e c o g n i a e d  by  p l o t t i n g  t i l e  ~ z i l t i o s  s j '  :~,i:r,l.c?; s h g r e e  v c r , s u s  
z i m e  i n  s e m i l o g a r i t h m i c  s c a l d ,  l i k e  i r ,  F i g u r e s  ?a, L , c , d .  
- I f  t h e  u s e r  h a s  a  r e a s o n  t c  a,ssurvc? some o t h c r  i ~ i l l u e  o f  t h e  
p n r , , z m a t e ~  a  thori  s u g g e s l e d ,  h i ,  car! r e , . ! a l ~ u ! ~ z t e  t h e  c s t i m a t a s  
E a n d  6 u s i i i g  t h s  f c r m u l a c  (6. Y R )  , i n J  ( / . 2 1 ) .  lnhc v e - t o r  b  
a n 1  t h e  rnat:.ix H, w h i c i :  e n l e r ~  t k e s e  1.orrnuL~ze ar.e a l s o  s u p ; i ! i , ? d  
b y  t h e  s u b r o v c i n c  MLEST. 
Now, f o l l o w i n g  t h e s e  r u l e s ,  we s h a l l  show by t h e  example  
o f  n u c l e a r  e n e r g y ,  how a  new t e c h n o l o g y  c a n  be  i n c o r p o r a t e d  i n t o  
t h e  model.  
ET i r 7 :  L B  . . F o r e c a s t  o f  marke t  penetration by n u c l e a r  e n e r g y  
I n  Example 4 o n l y  f o u r  main c o m p e t i t o r s  i n  t h e  wor ld  e n e r g y  
m a r k e t  have  been c o n s i d e r e d :  wood ( i  = 1 ) , c o a l  ( i  = 2 )  , o i l  ( i =. 3 )  
and r l a t u r a l  g a s  (i = 4) . I f  we want t o  f o r e c a s t  t h e  f u t u r e  de-  
ve lopment  o f  t h i s  s u b s t i t u t i o n  p r o c e s s  we have  t o  c o n s i d e r  t h e  
p o s s i b l e  newcomers.  I n  t h i s  example  it  w i l l  b e  shown how t h i s  
c a n  b e  done i n  t h e  c a s e  o f  n u c l e a r  e n e r g y  ( i  = 5 ) .  However, t h e  
same o r  s i m i l a r  p r o c e d u r e  c a n  b e  a p p l i e d  f o r  any o t h e r  a d d i t i o n -  
a l  c o m p e t i t i v e  e n e r g y  s o u r c e .  
To b e  a b l e  t o  a p p l y  t h e  d e t e r m i n i s t i c  model ( w i t h  t h e  p rob-  
a b i l i s t i c  i n t e r p r e t a t i o n  g i v e n  a b o v e )  we h a v e  t o  d e t e r m i n e  t h e  
p a r a m e t e r s  c . .  a . .  c h a r a c t e r i z i n g  t h e  r e l a t i o n  between e a c h  
1 3 '  1 3  
p a i r  o f  c o m p e t i t o r s .  Only 2 ( n - 1 )  = 8 o f  them a r e  i n d e p e n d e n t ,  
t h e  res t  b e i n g  d e t e r m i n e d  by r e l a t i o n s  ( 5 . 1 3 )  t o  ( 5 . 1 5 )  . I f ,  
f o r  i n s t a n c e ,  n a t u r a l  g a s  i s  c o n s i d e r e d  a s  t h e  r e f e r e n c e  compe- 
t i t o r  ( r  = 4 )  t h e n  t h e  f u l l  s e t  o f  model p a r a m e t e r s  i s  
I f  w e  h a v e  no  r e a s o n s  t o  e x p e c t  a  s i g n i f i c a n t  change  i n  param- 
e t e r s  c h a r a c t e r i z i n g  t h e  c o m p e t i t i o n  be tween  t h e  main e x i s t i n g  
e n e r g y  s o u r c e s - - a s  shown i n  Example 4 t h e y  c o u l d  b e  c o n s i d e r e d  
a s  c o n s t a n t s  f o r  more t h a n  t h e  l a s t  s e v e n t y  y e a r s - - w e  c a n  u s e  
t h e i r  e s t i m a t e s  b a s e d  o n  h i s t o r i c a l  d a t a .  Using t h e  d a t a  f rom 
t h e  t i m e  p e r i o d  1920 t o  1971 w e  have  (see Example 4 )  f o r  a 1 4  = 
a 2 4 = a  = 1  3 4  
N o t i c e  t h a t  wood i s  no l o n g e r  s i g n i f i c a n t ;  it i s  c o n s i d e r e d  o n l y  
f o r  c o m p l e t e n e s s .  
To c o m p l e t e  t h e  se t  o f  p a r a m e t e r s  we have  t o  d e t e r m i n e  t h e  
r e m a i n i n g  p a r a m e t e r s  cg4  and  a  5 4 .  Having a l m o s t  n o  h i s t o r i c a l  
e x p e r i e n c e  w i t h  n u c l e a r  e n e r g y  w e  have  t o  u s e  t h e  economic  
a s s e s s m e n t  o f  t h i s  newcomer r e l a t i v e  t o  some e x i s t i n g  a n d  
s i g n i f i c a n t  c o m p e t i t o r .  F o r  t h e  p u r p o s e  o f  d e m o n s t r a t i o n  t h e  
c o m p a r i s o n  be tween  n u c l e a r  e n e r g y  and  o i l ,  a s  p r i m a r y  e n e r g y  
s o u r c e s  f o r  e l e c t r i c i t y  p r o d u c t i o n ,  g i v e n  by FRG M i n i s t r y  f o r  
R e s e a r c h  and Development  [ 1 9 ]  h a s  been  u s e d .  A c c o r d i n g  t o  t - h i s  
s o u r c e  t h e  s p e c i f i c  i n v e s t m e n t s  a n d  t o t a l  p r o d u c t i o n  c o s t s  f o r  
LWR-nuclear p l a n t  and  n a t u r a l  g a s  p l a n t ,  b o t h  f o r  a  b a s e  l o a d  
o f  4000 h / a ,  a r e :  
n u c l e a r  - u = 1150 DM/kW, c 5  = 0.063 DPl/kWh = 552 DM/kW a  5  
E x p e c t i n g  t h a t  t h e  c o m p e t i t i o n  w i l l  t a k e  p l a c e - -  a t  l e a s t  i n  t h e  
f i r s t  s t a g e - -  i n  t h e  f i e l d  o f  e l e c t r i c i t y  p r o d u c t i o n ,  t h e  growth 
- 1  
r a t e  f a c t o r  p = 0.06 a  h a s  been assumed. S u b s t i t u t i o n  o f  t h e s e  
f i g u r e s  i n t o  t h e  fo rmulae  ( 5 . 1 1 )  and ( 5 . 1 2 )  g i v e s  
Tak ing  t h e  l a s t  known market  s h a r e s  i n  t h e  y e a r  1971 a s  i n i t i a l  
- c o n d i t i o n s  ( f 1 0  = 0.0114, f 2 0  = 0.3406,  f j 0  = 0.4322,  f 4 0  - 
0.2159,  f 5 0  = 0 )  t h e  market  s h a r e s  i n  t h e  t i m e  p e r i o d  1885-1973 
have been c a l c u l a t e d  u s i n g  t h e  s u b r o u t i n e  PENETR w i t h  p a r a m e t e r  
v a l u e s  m o d i f i e d  a c c o r d i n g  t o  ( 5 . 4 2 )  and ( 5 . 4 3 ) .  I n  t h e  y e a r  
1973 1 %  marke t  s h a r e  o f  n u c l e a r  e n e r g y ,  ( f 5  = 0.01)  h a s  been 
i n t r o d u c e d  and t h e  r e m a i n i n g  marke t  s h a r e s  have been c o r r e c t e d  
a c c o r d i n g l y .  For  t h e s e  new i n i t i a l  c o n d i t i o n s  t h e  s u b s t i t u t i o n  
p r o c e s s  h a s  been c a l c u l a t e d  u n t i l  t h e  y e a r  2050. The r e s u l t  i s  
p l o t t e d  i n  F i g u r e  2 0 a , b .  
The economica l  a s s e s s m e n t s  performed by v a r i o u s  a u t h o r s  
d i v e r g e  c o n s i d e r a b l y .  To s e e  how much t h e  f o r e c a s t  i s  a f f e c t e d  
when r a t h e r  d i f f e r e n t  i n p u t  d a t a  a r e  u s e d ,  t h e  c a l c u l a t i o n  h a s  
been r e p e a t e d  u s i n g  t h e  a s s e s s m e n t  g i v e n  by M i c h a e l i s  [20]  f o r  
e l e c t r i c i t y  power p l a n t s  u s i n g  LWR-nuclear  e n e r g y  and o i l  a s  
p r i m a r y  e n e r g y  s o u r c e s .  According t o  t h i s  s o u r c e  t h e  s p e c i f i c  
i n v e s t m e n t s  and t o t a l  p r o d u c t i o n  c o s t s  f o r  t h e  b a s e  l o a d  7000 h/a  
a r e  : 
C O A L  
C O A L  
F~gurc. 20. Porcxeast of rnarhet pent.11 atloll by nuc.lear energy -- 
eeonolnlc. assess rn~r~t  from [lo]. 
n u c l e a r  - a 5  = 1500 DM/kW, c 5  = 0.0429 DM/kWh = 376 DM/kW a  
- 1  F o r  t h e s e  f i g u r e s  and  p = 0 .06  a  t h e  f o r m u l a e  (5 .11  ) and  ( 5 . 1 2 )  
g i v e  
C h o o s i n g  o i l  a s  t h e  r e f e r e n c e  c o m p e t i t o r  i n  t h i s  c a s e ,  t h e  
e s t i m a t e s  o f  t h e  p a r a m e t e r s  c .  g i v e n  a b o v e  f o r  r = 4 ,  h a v e  l r '  
been  r e c a l c u l a t e d  f o r  r = 3  ( o i l )  u s i n g  t h e  f o r m u l a  E i 3  = 
2 4 3  (ki4 - e34)  f o l l o w i n g  f r o m  ( 5 . 1 5 ) .  
e l ,  = 0 .0854 ,  t?23 = 0 . 0 5 0 4 ,  ( c j 3  = 0 ) ,  2  = -0 .0119 . 4  3  
The c o r r e s p o n d i n g  model  o u t p u t ,  o b t a i n e d  f o r  t h e  same i n i t i a l  
c o n d i t i o n s  a s  i n  t h e  p r e v i o u s  c a s e ,  i s  p l o t t e d  i n  F i g u r e s  2 1 a , b .  
To make t h e  c o m p a r i s o n  c o m p l e t e  t h e  p a r a m e t e r  v a l u e s  
h a v e  a l s o  b e e n  d e t e r m i n e d  u s i n g  t h e  f o r m u l a e  (5 .11  ) a n d  ( 5 . 1 2 )  . 
N o t i c e  t h e  g r e a t  d i f f e r e n c e  i n  t h e s e  p a r a m e t e r  v a l u e s  when com- 
p a r e d  w i t h  t h e  p r e v i o u s  c a s e .  I n  s p i t e  o f  t h i s  g r e a t  d i f f e r e n c e  
t h e  model  o u t p u t s  g i v e n  i n  F i g u r e s  2 0 a , b  a n d  F i g u r e s  2 1 a , b  d o  
n o t  d i f f e r  s o  d r a s t i c a l l y  a s  o n e  c o u l d  e x p e c t .  T h i s  a g a i n  shows 
t h e  v e r y  h i g h  s t a b i l i t y  o f  t h e  s u b s t i t u t i o n  p r o c e s s  and  e x p l a i n s  
t h e  t e c h n o l o g i c a l  " f a t e "  o b s e r v e d  by M a r c h e t t i  [ 2 ] .  
The p o s s i b l e  o b j e c t i o n  t h a t  t h e  e c o n o m i c a l  a s s e s s m e n t  made 
f o r  FRG may n o t  b e  r e p r e s e n t a t i v e  f o r  t h e  who le  w o r l d  i s  f u l l y  
j u s t i f i e d .  N e v e r t h e l e s s ,  t h e  r a t h e r  low s e n s i t i v i t y  o f  t h e  
model  o u t p u t  w i t h  r e s p e c t  t o  i t s  p a r a m e t e r  v a l u e s  d e m o n s t r a t e d  
COAL 
YEAR 
Figure 21. Forrcast of rnarkrt per~rtration by nne1t:ar cnrrgy -- 
economic assessmrnt from [2O]. 
i n  t h i s  example ,  i n d i c a t e s  t h a t  t h i s  q u e s t i o n  may b e  n o t  v e r y  
c r i t i c a l .  
The meaning o f  t h e  c u r v e s  p r e s e n t e d  i n  F i g u r e s  1 9 a , b  and 
2 0 a , b  c o r r e s p o n d s  t o  t h e  p r o b a b i l i s t i c  i n t e r p r e t a t i o n  of t h e  
o u t p u t  o f  t h e  d e t e r m i n i s t i c  model g i v e n  i n  t h i s  s e c t i o n ,  under  
t h e  assumpt ion  t h a t  t h e  p a r a m e t e r  v a l u e s  c , - ~ ,  a 5 4  ( i n  t h e  f i r s t  
c a s e )  and c ~ ~ ,  a53  ( i n  t h e  second  c a s e )  a r e  c e r t a i n .  T h i s  i s ,  
o f  c o u r s e ,  n o t  t r u e .  I f  we wanted t o  be  more o b j e c t i v e  it would 
be  p o s s i b l e  t o  c o n s t r u c t  a  " s u b j e c t i v e "  p r o b a b i l i t y  d i s t r i b u t i o n  
f o r  t h e s e  u n c e r t a i n  p a r a m e t e r s ,  b a s e d  on a l l  a v a i l a b l e  a s s e s s -  
ments  and o p i n i o n s ,  and t o  p r o j e c t  t h i s  u n c e r t a i n t y  i n t o  t h e  
f u t u r e  a s  o u t l i n e d  i n  t h i s  s e c t i o n .  I n  t h i s  way t h e  p r o b a b i l i t y  
d i s t r i b u t i o n  of  t h e  f u t u r e  p r o c e s s  o u t p u t  c o n d i t i o n e d  on t h e  
p r e s e n t  knowledge c o u l d  be o b t a i n e d .  
8 .  CONCLUDING REMARKS 
Any s c i e n t i f i c  approach  t o  t h e  problem o f  f o r e c a s t i n g  c a n n o t  
be  a n y t h i n g  e l s e  t h a n  drawing c o n c l u s i o n s  on t h e  b a s i s  o f  c e r t a i n  
a s s u m p t i o n s .  I t  i s  p o s s i b l e  t o  check w h e t h e r  t h e s e  assumpt ions  
have been f u l f i l l e d  i n  t h e  p a s t  b u t ,  s t r i c t l y  s p e a k i n g ,  it n e v e r  
can  b e  g u a r a n t e e d  t h a t  t h e y  w i l l  n o t  be v i o l a t e d  i n  t h e  f u t u r e .  
Employing mathemat ics  i n  t h i s  s t u d y ,  it was p o s s i b l e  t o  b a s e  t h e  
f o r e c a s t  on a  few s i m p l e  and w e l l  u n d e r s t a n d a b l e  a s s u m p t i o n s  and 
t o  m a i n t a i n  c o n s i s t e n c y  o f  r e a s o n i n g  even  i n  r a t h e r  complex s i t u a -  
t i o n s .  T h i s  makes it p o s s i b l e  t o  r e d u c e  t h e  d i s c u s s i o n  a b o u t  t h e  
p o s s i b l e  f u t u r e  t o  a  c r i t i c i s m  o f  t h e  b a s i c  a s s u m p t i o n s .  
P e r h a p s  t h e  most i m p o r t a n t  a s s u m p t i o n ,  on which t h e  p r e s e n t e d  
t h e o r y  i s  b a s e d ,  i s  t h a t  i n  t h e  l o n g  t e r m  a  p a r t i c u l a r  t e c h n o l o g y  
h a s  t o  l i v e  and grow on i t s  own a c c o u n t ,  i . e .  t h a t  t h e  mean v a l u e  o f  
t h e  e x t e r n a l  c a p i t a l  f low i s  z e r o .  The assumpt ion  t h a t  t h e  mean 
v a l u e s  of  c e r t a i n  economic c h a r a c t e r i s t i c s  d o  n o t  change i n  t i m e  
r e s t r i c t s  t h e  v a l i d i t y  o f  t h e  model t o  t h e  s i t u a t i o n s  when t h e  
t e c h n o l o g y  s t a r t i n g  t o  p e n e t r a t e  t h e  marke t  i s  a l r e a d y  w e l l  e s t a b -  
l i s h e d .  The model a l s o  c a n n o t  p r e d i c t  t h e  b i r t h  o f  a  new t e c h n o l o g y .  
I t  must be  i n t r o d u c e d  i n t o  t h e  model exogenous ly .  
The p e n e t r a t i o n  o f  a  m a r k e t  by new t e c h n o l o g i e s  i s  a  v e r y  
complex i n t e r p l a y  between p r o d u c e r s  and  consumers .  T h i s  s t u d y  
e m p h a s i z e s  t h e  macroeconomic v iew on t h e  p r o d u c e r  s i d e .  The 
consumer s i d e ,  a s  d i s c u s s e d  a t  t h e  b e g i n n i n g  o f  S e c t i o n  4 ,  i s  
r e f l e c t e d  i n  t h e  c o r r e c t i o n  by which t h e  t o t a l  p r o d u c t i o n  c o s t s  
h a v e  t o  be  r e d u c e d  i n  o r d e r  t o  r e s p e c t  t h e  d i f f e r e n c e  i n  m a r k e t  
p r i c e  t h e  a v e r a g e  consumer  i s  r e a d y  t o  pay f o r  t h e  h i g h e r  q u a l i -  
t y  o f  s a t i s f a c t i o n  o f  h i s  need .  I n  some c a s e s  t h i s  c o r r e c t i n g  
t e r m  c a n n o t  be c o n s i d e r e d  a s  s t a t i o n a r y  and  c a n  be i n f l u e n c e d  
by a d v e r t i s e m e n t  a n d / o r  by o f f i c i a l  p ropaganda .  I n  t h e s e  c a s e s  
t h e  consumer s i d e  and  t h e  s p r e a d  o f  i n f o r m a t i o n  s h o u l d  be  con-  
s i d e r e d  i n  more d e t a i l .  
I n  s o c i e t i e s  w i t h  p l a n n e d  economies  t h e  mechanism o f  a n  
open  m a r k e t  i s  r e p l a c e d  by economic  b a l a n c e s  and d e c i s i o n s  
made by p l a n n i n g  i n s t i t u t i o n s  and c o m m i t t e e s .  However, n o t  e v e n  
a  p l a n n e d  economy c a n  a f f o r d  t o  s u p p o r t  a  l o s e r  w i t h o u t  s p e c i a l  
r e a s o n s .  The p l a n n e r s  a l s o  have t o  r e s p e c t  t h e  s o c i a l  demand 
i n  o r d e r  t o  e n s u r e  a  f l u e n t  a n d  r e g u l a r  d i s t r i b u t i o n  o f  p r o d u c t s  
b u t  t h e y  c a n  c o n t r o l  t h e  s u b s t i t u t i o n  p r o c e s s ,  by s e t t i n g  t a x e s  
and d i f f e r e n t  p r i c e s  ( b o t h  c a n  b e  r e f l e c t e d  i n  t h e  model i n  
t o t a l  p r o d u c t i o n  c o s t s ) ,  i n  o r d e r  t o  a c h i e v e  some g o a l s .  I t  is 
b e l i e v e d  t h a t  t h e  model  d e v e l o p e d  i n  t h i s  s t u d y  c o u l d  s e r v e  a s  
a  p l a n n i n g  t o o l  f o r  t h e s e  p u r p o s e s .  
S p e a k i n g  a b o u t  p o s s i b l e  c o n t r o l  o f  t h e  s u b s t i t u t i o n  p r o c e s s  
a n o t h e r  i m p o r t a n t  p o i n t  h a s  t o  be  m e n t i o n e d .  A s  p o i n t e d  o u t  i n  
S e c t i o n  4 n o  t e c h n o l o g y  c a n  s t a r t  f rom z e r o  w i t h o u t  e x t e r n a l  
f i n a n c i a l  h e l p .  The magn i tude  o f  t h e  i n i t i a l  e x t e r n a l  i n v e s t -  
ment a c t u a l l y  d e t e r m i n e s  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  model 
and may c o n s i d e r a b l y  a c c e l e r a t e  ( o r  d e l a y  i f  it i s  t o o  s m a l l )  
t h e  s u b s t i t u t i o n  p r o c e s s ,  e s p e c i a l l y  when t h e  new t e c h n o l o g y  i s  
p r o f i t a b l e  b u t  r e q u i r e s  h i g h  i n v e s t m e n t s .  T h i s  i s  c l e a r l y  s e e n  
f rom t h e  s e n s i t i v i t y  a n a l y s i s  pe r fo rmed  i n  Example 2 .  
I n  Example 5 t h e  f o r e c a s t  o f  p e n e t r a t i o n  o f  t h e  e n e r g y  
m a r k e t  by n u c l e a r  e n e r g y ,  b a s e d  o n  i t s  economic  a s s e s s m e n t ,  
h a s  b e e n  g i v e n .  R e c e n t l y ,  much a t t e n t i o n  h a s  been  p a i d  t o  t h e  
q u e s t i o n  whe ther  such  a  t e c h n o l o g i c a l  development  would n o t  be 
t o o  r i s k y .  Many o t h e r  t e c h n o l o g i e s  a r e  r i s k y ,  t o o .  ( C o n s i d e r ,  
f o r  i n s t a n c e ,  t h e  au tomobi le  -- one  o f  t h e  main k i l l e r s  o f  man- 
k i n d . )  Whether a  r i s k  h a s  been t a k e n  o r  n o t  i s  a l s o  a n  econom- 
i c a l  q u e s t i o n .  The p r e s e n t e d  model c o u l d  h e l p  t o  e v a l u a t e  t h e  
economic l o s s  t h e  s o c i e t y  s h o u l d  a c c e p t  i n  o r d e r  t o  a v o i d  t h e  
r i s k .  I n  t h i s  way it  would be  p o s s i b l e  t o  b a s e  t h e  d e c i s i o n  on 
a  more o b j e c t i v e  (and l e s s  e m o t i o n a l )  b a s i s .  
ACKNOWLEDGMENTS 
The a u t h o r  w i s h e s  t o  e x p r e s s  h i s  t h a n k s  t o  s e v e r a l  members 
o f  t h e  i n t e r n a t i o n a l  s c i e n t i f i c  s t a f f  a t  IIASA. 
The main impulse  f o r  t h i s  s t u d y  h a s  been g i v e n  by t h e  work 
o f  C .  P l a r c h e t t i  w i t h  whom t h e  a u t h o r  h a s  been i n  c o n t i n u i n g  con- 
t a c t .  The wor ld  e n e r g y  d a t a  have been c o l l e c t e d  by N .  Nakicenovic  
who a l s o  performed t h e  f i r s t  c a l c u l a t i o n s .  Most o f  t h e  programming 
e f f o r t  and n u m e r i c a l  e x p e r i m e n t s  have been done w i t h  t h e  a s s i s -  
t a n c e  o f  M. Valasek o f  t h e  IIASA computer  s e r v i c e s  group.  
L a s t ,  b u t  n o t  l e a s t ,  t h e  a u t h o r ' s  g r a t i t u d e  goes  t o  P r o f .  
H a e f e l e ,  t h e  l e a d e r  o f  IIASA Energy P r o j e c t ,  f o r  h i s  s u p p o r t  and 
encouragement .  
Appendix A. Mathemat ica l  theorems and p r o o f s  
To s i m p l i f y  t h e  p r o o f s  of theorems  used i n  t h e  main t e x t  
fr)ur known Lemmas w i l l  be s t a t e d  f i r s t  . 
Lemma 1 .  Let  A and D be  n o n s i n g u l a r  s q u a r e  m a t r i c e s ,  may- 
be  of  d i f f e r e n t  o r d e r s ,  and B and C m a t r i c e s  o f  a p p r o p r i a t e  
d i m e n s i o n s .  Then t h e  f o l l o w i n g  r e l a t i o n s  f o r  d e t e r m i n a n t s  h o l d :  
Proof: S e e ,  e . g . ,  Rao [ 1 8 ] ,  supplement  t o  Chap te r  l b .  
Lemma 2. L e t  A be a  n o n s i n g u l a r  s q u a r e  m a t r i x ,  b  a  v e c t o r  
and y a  s c a l a r .  Then 
1  T Proof. To prove  ( A .  3 )  m u l t i p l y  b o t h  i t s  s i d e s  by ( A  + b  - b  ) . 
Y 
The second  e q u a l i t y  (A.4) i s  a  s p e c i a l  c a s e  o f  ( A . 2 ) .  
Lemma 3. Le t  M be a  p o s i t i v e  d e f i n i t e  m a t r i x  of  d imens ion  
(v  x v ) .  Then 
Proof. S e e ,  e. g .  , Anderson [ 171 12.3.  
Lemma 4. Let So be a space of all positive definite 
matrices R of dimension v  and let @ be also positive definite. 
Then 
where r ( - )  is the gamma-function. 
Proo f .  See, e. g. , DeGroot [ I  41 $5.5. 
Theorem 1 .  The t r a n s f o r m a t i o n  b e t w e e n  two V - d i m e n s i o n a l  
r e a l  v e c t o r s  Ie. : i =  1 , 2 ,  ..., v }  d e f i n e d  b y  r e l a t i o n s  
Iln f. - a .  Iln f + k .  = e. i = 1 , 2 , . .  . , v  
1 1 v+l 1 ( -4 .7 )  
where  a l l  ai a r e  p o s i t i v e  and r e a l ,  i s  r e g u l a r  ( o n e - t o - o n e )  and 
i t s  J a c o b i a n  i s  
P r o o f .  Notice that the transformation is continuous. To 
prove its regularity it is sufficient to show that all partial 
derivatives ae. /a£. are positive. From ( A .  7 )  and ( A .  8 )  we have 
1 I 
and the Jacobian can be expressed as follows: 
(A. 10) 
Application of (A.2) with A-l = diag if ,f2,. . . , fg) , cT = 
[l ,1 , . . . ,1] , D = f and B = [al ,a2,. . . ,a ] proves (A. 9). 
v+ 1 V 
T h e o r e m  2 .  L e t  f (R) b e  a  s c a l a r  f u n c t i o n  o f  a  p o s i t i v e  
s e m i d e f i n i t e  m a t r i x  R o f  d i m e n s i o n  v d e f i n e d  b y  
w h e r e  D i s  p o s i t i v e  d e f i n i t e .  T h e  maximum o f  f (R) i s  t a k e n  o n  
a t  
R = PD-' (A. 13) 
a n d  t h e  maximum i s  
P r o o f .  See Anderson [I71 $3.2. 
(A. 14) 
T h e o r e m  3 .  L e t  H b e  a  s y m m e t r i c  n o n s i n g u l a r  (n x n) r n i i + ~ , i ' x  
a n d  
A = [I , -a] , (A. 15) 
w h e r e  I i s  aT1 i d e n t i t y  m a t r i x  o f  d i m e n s i o n  n-1 and a  i s  a 
c o l u m n  v e c t ~ r .  T h e n  t h e  f o l l o w i n g  e q u a l i t y  h o l d s  
T  / A H A  I = I H I  ( a T H - ' a )  
1 
w h e r e  a i s  t h e  v e c t o r  a  e x t e n d e d  b y  1 .  
( A .  1 6 )  
- 1  P r o o f .  C o n s i d e r  t h e  m a t r i x  H and i t s  i n v e r s e  G = H 
p a r t i t i o n e d  i n  t h e  f o l l o w i n g  way 
where  h , g  a r e  v e c t o r s  and 0 , y  s c a l a r s .  From t h e  e q u a l i t y  HG = I 
t h e  f o l l o w i n g  r e l a t i o n s  a r e  o b t a i n e d .  
( A .  1 8 )  
1 1 T  ( A .  1 9 )  
0 
-< = - + T h  G r h  
Using  t h e  d e f i n i t i o n  (A.15)  o f  t h e  m a t r i x  A w e  h a v e  
- I H , ,  - h a T  - a h T  + a - a  1 T  I n 
1  T  1 
= I ( H r  - h - h  ) + ( a  - - . (A.21)  
0 0 
Making u s e  o f  (A.4)  we o b t a i n  
a n d  r e v e r s e d  a p p l i c a t i o n  o f  (A. 1 )  g i v e s  
C o n s i d e r i n g  a l s o  (A. 1 8 ) ,  (A. 1 9 )  a n d  (A. 2 0 )  w e  c a n  c o n t i n u e  
i n  r e a r r a n g i n g  o f  (A.22)  a s  f o l l o w s  
I A H A ~ I  = / H I ( +  + ( a - i h ) ' ~ ~ ( a - ; h ) )  
1  
h -  + a r r n 
. (A. 23 )  
However,  t h e  l a s t  e x p r e s s i o n  i n  (A.23)  c a n  b e  w r i t t e n  a l s o  i n  
t h i s  way 
wh ich  c o m p l e t e s  t h e  p r o o f .  
Theorem 4 .  L e t  H (N+l )  be a  ( n  x n ) - m a t r i x  d e f i n z d  s i m i l a r l y  
t o  (6.018) 
w h e r e ,  a c c o r d i n g  t o  (6.77) and (6.80) 
- N f '  1  T  
$ ( ~ + 1 )  - T- ( k )  k=2 ( k )  (k) 
T - (k) - tk - tk-1 (A. 26) 
T - (N+1) - t ~ + l  - t l  I (A. 27) 
and (N+1) i s  a  n - v e c t o r  t h e  componen t s  o f  wh ich  a r e  d e f i n e d  
a c c o r d i n g  t o  ( 6 . 8 7 )  
- Qn (~+l)i b(~+l)i - Vi . (A. 28) T(~+l) f(l)i 
Then t h e  foZZowing r e c u r s i v e  r e  Z a t i o n s  h o l d :  
T - (N+1) T ( ~ )  + (N+l) (A.29) 
(A. 30) 
(A. 32) 
H - 1 = H - 1 1 - -  T (N+l) d(~+l) d(~+l) (A. 33) (N) Y(N+l) 
- 
d(~+l) - (X ( ~ + 1  - ( ~ + l  ) (N) ) (A. 34) 
- T - 1 
Y(N+I) - O(N+I) + d(~+i)H(~)d(~+i) (A. 35) 
IH(~+l) I = ( ~ t l )  I B  (N) I y  ( ~ + l  . (A. 36) 
P r o o f .  Relation (A. 29) directly follows from the defini- 
tions of T (A.27) a n d T  (A.26). (k) 
The i-th component of the vector b (N+l) (A.28) can be 
written as follows: 
which proves (A. 30). 
Using (A.25) and (A.30) the matrix H (N+I (A.24) can be 
expressed in the following way: 
and after a simple rearrangement, (A.31) is obtained. 
Application of (A.3) and (A.4) to (A. 31) gives (A. 33) and 
(A.36), respectively, which completes the proof. 
Theorem 5 .  L e t  1 (c,a,R,y (1) b e  t h e  Z i k e l i h o o d  f u n c t i o n  
d e f i n e d  b y  (6.81) f o r  M = N, wht::ie c E Sc i s  a  ( n - 1 ) - v e c t o r  and 
R E  S, a (n-1) x (n-1) - m a t r i x .  The i n t e g r a l  o f  t h i s  f u n c t i o n  
t a k e n  o v e r  t h e  (n-1 ) - d i m e n s i o n a l  s p a c e  S i R"-' 
C 
and o v e r  t h e  
s p a c e  S o f  a l l  p o s i t i v e  d e f i n i t e  m a t r i c e s  o f  d i m e n s i o n  (n-1) R 
x (n-1) i s  
cont . / . . . 
(A. 37) 
where  r(-) means gamma- func t ion  and 1 . 1  means d e t e r m i n a n t .  For 
M = N +  1 t h e  d e t e r m i n a n t  i n  1 4 . 3 7 1  c a n  he  e x p r e s s e d  a s  f o l Z o w s :  
& = A x  (N+1) (N+I ) - "N) ( ~ + 1  (A. 39) 
where  x  (N+1) i s  t h e  v e c t o r  i n t r o d u c e d  b y  ( 6 . 6 1 )  and ( 6 . 6 2 1 ,  and 
2 i s  t h e  maximum l i k e l i h o o d  e s t i m a t e s  1 6 . 9 0 )  o f  t h e  p a r a m e t e r  (N) 
v e c t o r  c,  a v a i Z a h l e  a t  t i m e  tN. Hence 
P r o o f .  To proof  (A. 37) r e a r r a n g e  t h e  exponen t  i n  t h e  
l i k e l i h o o d  f u n c t i o n  (6.81 ) a c c o r d i n g  t o  (6.85) and a p p l y  Lemma 3 
f i r s t  and Lemma 4 a f t e r w a r d s .  
Using (A.31) t h e  d e t e r m i n a n t  on t h e  l e f t - h a n d  s i d e  o f  
(A.38) c a n  be e x p r e s s e d  a s  f o l l o w s :  
Accord ing  t o  ( 6 . 9 0 )  
and c o n s e q u e n t l y  
where e^  (N+l )  h a s  been i n t r o d u c e d  by (A.39) .  N o w  a p p l y  (A.4) 
t o  p rove  e q u a l i t y  ( A .  3 8 ) .  

Appendix B. An o p t i m i z a t i o n  method 
I n  S e c t i o n  6 we had t o  f i n d  t h e  v e c t o r  a  maximizing t h e  
f u n c t i o n  
N m 
where 
I n  t h e  s e q u e l  we s h a l l  p ropose  a  s i m p l e  and e f f e c t i v e  n u m e r i c a l  
method which s e r v e s  t h i s  purpose .  
A s  a l r e a d y  p o i n t e d  o u t ,  t h e  v a l u e  o f  t h e  f u n c t i o n  A 
does  n o t  change when a  i n  ( ~ . 1 )  i s  s u b s t i t u t e d  f o r  
where  y i s  any nonzero  number, n o t  n e c e s s a r i l y  c o n s t a n t .  L e t  
us  choose  y a s  f o l l o w s :  
where k i s  an a r b i t r a r y  c o n s t a n t .  Then t h e  f u n c t i o n  (B.l) g e t s  
a  s i m p l e  form 
b u t  t h e  v e c t o r  a, t h e  l a s t  component o f  which i s  no l o n g e r  f i x e d  
t o  b e  o n e ,  i s  r e s t r i c t e d  by t h e  c o n d i t i o n  
I n  t h i s  way t h e  o p t i m i z a t i o n  problem i s  t r a n s f o r m e d  i n t o  
t h e  problem of  f i n d i n g  a  p o i n t  a* on t h e  e l l i p s o i d  (B.5) a t  
which t h e  f u n c t i o n  (B.4) i s  maximal. I n  o t h e r  words ,  we have 
t o  f i n d  t h e  p o i n t  a *  a t  which t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  
w i t h  r e s p e c t  t o  t h e  e l l i p s o i d  
-T -1 - - 1  - g e ( a )  = g r a d  { a  H a 1  = H a  (B. 6 )  
and t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  w i t h  r e s p e c t  t o  t h e  f u n c t i o n  
A (a) 
g A ( a )  = g r a d  {A(Z) 1 
c o i n c i d e ,  a s  shown i n  F i g u r e  B1. N o t i c e  t h a t  o n l y  d i r e c t i o n s  
a r e  s i g n i f i c a n t .  
Figure B1. Optimization algorithm. 
The optimum p o i n t  a* c a n  be found u s i n g  t h e  f o l l o w i n g  
T  1 .  Choose any s t a r t i n g  p o i n t  m = 0 ,  s a y  , ( O )  = [ I ,  1 , .  . . , 1 ]  . 
2 .  C a l c u l a t e  t h e  d i r e c t i o n  of  t h e  g r a d i e n t  w i t h  r e s p e c t  t o  t h e  
f u n c t i o n  h 
3. Find  t h e  n e x t  p o i n t  I n  ' which t h e  g r a d i e n t  ge ( a  ( m + l  ) ) 
w i t h  r e s p e c t  t o  t h e  e l l i p s o i d  (B.6) h a s  t h e  same d i r e c t i o n  
a s  t h e  g r a d i e n t  g  ( a  ( m )  ) . h 
4.  Normalize  t h e  v e c t o r  dm+') , s a y  t o  u n i t  l e n g t h ,  and 
-(m+l ) 
r e p e a t  2 u n t i l  t h e  v e c t o r s  and a  c o i n c i d e  w i t h  
g i v e n  p r e c i s i o n .  
The FORTRAN- s u b r o u t i n e  r e a l i z i n g  t h i s  a l g o r i t h m  c a n  be 
found i n  Appendix C .  
No convergence  p roof  is  a v a i l a b l e  f o r  t h e  o p t i m i z a t i o n  
a l g o r i t h m  d e s c r i b e d  b u t  it  n e v e r  f a i l e d  on a  number o f  examples  
and a p p e a r e d  t o  be v e r y  f a s t .  

Appendix C .  FORTRAN Subrout ines  
subroutine penetr(n,c,al,ro,ffl,t,f) 
function - market penetration - prediction 
of market shares 
usage - call penetr (n,c,al,ro,fV,t,f) 
parameters n - number of competitors , rnax.l@ 
c - n-vector of production costs; 
- as the result depends only on differencies 
between costs any number can be substracted 
from all c's. 
a1 - n-vector of specific investments; 
only nonzero components are allowzd 
ro - growth rate factor of total ~roduction of all 
competitors 
f0 - n-vector of initial market shares at t=0; 
the sum of all f8's must be equal to 1 
t - the value of time for which the prediction 
is calculated; t can be negative. 
f - output : n-vector of predicted market shares; 
the sum of all elements of f is equal to 1.fl!4 
precision - 3 decimal digits behind the deci~val point 
of all f's; if higher Drecision is required 
see cl 
dimension c(1) ,a1 (1) ,fQ (1) , f (1) 









calculate arbeta and initial psi 
sum=0. 
do 18 i=l,n 
a(i)=alm/al (i) 
beta(i)=(c(i)+al(i)*ro)/alm*t 
10 sum=sum+f 8 (i) *exp(-beta (i) ) 
psi=-alog (sum) 
iterative solution of egn. xi(psi)=P 
15 xi=-1. 
dxi=O. 
do 20 i=l,n 
f (i)=fQ (i)*exp((psi-beta(i) )*a(i)) 
xi=xi+f (i) 
28 dxi=dxi+a (i) *f (i) 
if (abs(xi) . lt.0.5e-3) go to 25 
if higher precision is reguired change 
0.5e-3 to 0.5e-d where d is the number 
of decimal digits behind the decimal point 
of f's which have to be guaranteed 
psi=psi-xi/dxi 




*h,b, tau, it, itest) 
function - market penetration - naximurn likelihood estimation 
of model parameters 
usage - call mlest(n,ir,t,f,kf,kl,cir,air,c,clir,rl, 
*h,b,tau,it,itest) 
requires the subroutine amle 
parameters - 
input: n - number of competitors,max.7 
ir - index of the reference competitor 
t - vector of time points for which the ~ a r k e t  
shares ,zre given 
f - matrix of market shares, f (k,i)=f (t(k) ,i), 
sum f (k,i) :i=l,n must be 1. 
kf - first row in t and f which is considered in estimation 
kl - last row in t and f considered,kf.lt.41.1ee1@8 
output: cir - ,nl-estimate of c(i,ir) :i=l,n; c(ir,ir)=o. 
air - ml-estimate of a(i,ir):i=l,n; a(ir,ir)=l. 
r - nl-estimate of covariance matrix r 
clir - ml-estimate of c(i, ir) under assumption a(i, ir)=l 
for all i. 
rl - ml-estimate of covariance {matrix r under assum~tion 
a(i,ir)=l for all i. 
h - auxiliary matrix reouired for bayesian forecastinq 
b - vector for hayesian forecasting 
tau - scalar aarameter for bayesian forecastinq 
it - number of iterations oerformed in calc~~lation 
of air. maximum it is set to 54. if it=5@ 
the iteration has not been comqleted. 
itest - regular case itest=l. if itest=fl then the calcu- 
lation could not be com~leted because one or more 
a's ar? zero, in that case cir and r are set to zero 




calculate vector b 
do 12 i=l,n 
12 b(i)=aloy(f (kl,i)/f (kf,i))/tau 
calculate natrix h 
do 16 i=l,n 
do 16 j=l,i 
sun=B. 
do 14 k=ks,41 
l=k-1 






c calculate estimates of a 
call amlo(n,f,ks,kl,h,a,it,itest) 
C 
if (itest.qt.4)30 to 2fl 
do 18 i=l,n 
cir (i)=C1. 
air (i)=a(i) 
do 19 j=l,n 
13 r(i,j)=fl. 
go to 28 
c calculate vectors air and cir 
20 30 22 i=l,n 
air (i)=a(ir)/a(i) 
22 cir (i)=b(ir)-air (i)*b(i) 
,. 
- calculate covariance matrix r 
do 25 i=l,n 
30 26 j=l,i 
r(i,j)=(h(i,j)-h(i,ir)/air(j)-h(ir,j)/air(i)+ 
&h(ir,ir)/air (i)/air(j) )/m 
26 r(j,i)=r(i,j) 
c calculate vector clir 
5 d  do 3 3  i=l,n 
3 9  clir (i)=b(ir) -b(i) 
c calculate covsriance matrix rl 
3 0  32 i=l,n 







c function - market penetration -maximization of likeli- 
c - hood function with respect to vector a 
c usage - call a x l e ( n , t , k s , k l , h , a , i t , i t e s t )  
c parameters - see subroutins nlest 
c remark - output vector a is normalized to unit lenqth. 
C 








do 1B3 i=l,n 
lri13 g(i)=0. 
do 185 k=ks,kl 
sum=0. 
do 194 i=l,n 
104 sum=sum+f (k,i)*a~(i) 
do i@5 i=l,n 
135 ,g(i)=g(i)+f(k,i)/sum 
ra=n. 
do 1'28 i=l,n 
sum=a. 
do 1636 k=l,n 
1?!6 sun=sum+h (i, k) * g  (k) 




l a d  ra=ra+sum~*sun 
ra=sqrt (ra) 
sum=G. 
ao 1'39 i=l,n 
a(i)=a(i)/ra 




if(sun.lt.1.e-6)~o to 11R 
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